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FOREWORD

The material in this report documents the efforts of the
first phase of an overall program conducted by Lockheed Missiles
and Space Company, Inc., of Huntsville, Alabama, under NASA
contract DEN3-29. The first phase of the program called for a
computer model of the wind turbine wake, while the second phase
dealt with wake measurements on the Mod-0A wind turbine at Clay-
ton, New Mexico.

The computer program of this report is considered an initial
calculation procedure for the wake development of wind turbines
because additional expansions and refinements are possible to
make the program more comprehensive. Areas for further consider-
ation include additional methods for calculating the effects of
atmospheric turbulence, non-equal vertical and lateral wake growth
rates, and power recovery factor based on real turbine power char-
acteristics.
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1.0 SUMMARY

One of the proposed approaches to reducing the consumption
of fossil fuels (in particular, petroleum and natural gas) in
the United States is the use of large wind turbines. It is
expected that such turbines will be constructed in arrays in
large fields of wind turbines. To minimize cost, it is
desired to space the turbines as close to each other as
possible. However, the turbines must not be spaced so closely
that a turbine lies within the wake of another turbine and
thereby the output power of the downwind turbine is reduced.

In order to determine the appropriate spacing between
turbines, a research program was initiated to characterize
the recovery of the wake behind a large wind turbine. The
research program had two aspects. The first was the develop-
ment of an anlytical model of wake recovery downwind of the
turbine. The analytical model was developed to calculate the
wake properties as functions of the downwind coordinate and
to generate wind speed profiles (i.e., wind speed as a function
of the lateral coordinate for selected altitudes and wind
speed as a function of the vertical coordinate) at selected
distances downwind of the turbine. The inputs to the model
included wind speed, ambient turbulence, and turbine geometric
parameters. The second aspect of the program was an
experimental program to measure the wake behind the Mod-0A
wind turbine at Clayton, New Mexico. The Lockheed laser Doppler
velocimeter was used to make the measurements. This volume
contains a description of the analytical model development.

The analytical model development is based upon the
results presented by G. N. Abramovich in "The Theory of
Turbulent Jets'. The term "jet" is used to describe a flow
surrounded by another flow of a different velocity, regardless
if the velocity of the inner flow is less than or greater than
that of the surrounding flow. Although the Abramovich results
were taken as the basis for the analytical model for turbine
wakes, several modifications of the Abramovich results were
necessary. The Abramovich model assumes that the initial
jet emanates from an opening. Therefore, it was necessary
to add calculations to relate the turbine to the initial
wake as presented by Abramovich. Second, the results
of Abramovich were developed for flow with no ambient
turbulence. Therefore, the effects of ambient turbulence
were added to the Abramovich model for the turbine wake model.



The wake growth rate due to ambient turbulence was taken from
atmospheric diffusion theory as developed by F. Pasquill. The
method of combining the wake growth rate from the Abramovich model
with the wake growth rate due to ambient turbulence was taken

from the work of P. B. S. Lissaman from a prior model for the wake
recovery behind large wind turbines.

Third, the concept of a turbine power factor, which is the
ratio of the power generated by a turbine centered in the wake of
another turbine to that generated by a turbine in the free stream
air, was added to the model.

The mathematics of the wake model was written in a FORTRAN
computer program. The FORTRAN computer program was implemented on’
a PDP-10 computer using the DISPLA graphics package for graphical
presentation of results. In addition to the computer program, a
version of the wake program was formulated for the TI-59 program-
mable calculator. The calculator version of the wake program is
presented in an appendix.

Several runs of the computer program were made to illustrate
the effect of wake variables on wake recovery. The effect of
ambient turbulence, initial wind speed deficit in ‘the wake, the
height of the turbine rotor hub above the ground, and the power
law coefficient for the free stream wind were investigated.

The results of these effects are presented in figures in the
report.

The principal indicator of wake recovery is the turbine
power factor. Much of turbine operation occurs under conditions
of neutral atmospheric stability, represented by Pasquill stability
class D. For this condition and for an initial velocity ratio of
1.5 (typical for large wind turbines), the turbine power factor
is approximately 0.5, 0.75, 0.9, and 0.96 at 10, 20, 35, and 50
rotor radii downwind, respectively.



2.0 INTRODUCTION

One of the proposed approaches to reducing the consumption
of fossil fuels (in particular, petroleum and natural gas) in
the United States is the use of large wind turbines. It is
expected that such turbines will be constructed in arrays in
large fields of wind turbines. To minimize cost, it 1is
desired to space the turbines as close to each other as
possible. However, the turbines must not be spaced so closely
that a turbine lies within the wake of another turbine and
thereby the output power of the downwind turbine is reduced.

In order to determine the wake characteristics of tur-
bines, a research program was initiated to characterize the
recovery of the wake behind a large wind turbine. The research
program had two aspects. The first was the development of an
analytical model of wake recovery downwind of the turbine. The
second aspect of the program was an experimental effort to
measure the wake behind the Mod-0A wind turbine at Clayton,

New Mexico. The Lockheed laser Doppler velocimeter, (LDV) was
used to make the measurements. This report presents the re-
sults of the first phase of the investigation, which involved
the development of an analytical wake model to calculate the
wind speed profile (i.e., wind speed as a function of the
lateral coordinate for selected altitudes) at selected dis-
tances downwind of the turbine. The principal inputs to the
model include wind speed, ambient turbulence, and turbine ge-
ometry and operating parameters.

The initial wake behind a wind turbine can be represented
as a volume of flow of lower momentum than the surrounding flow.
This mass gradually acquires the speed of the surrounding flow
as it progresses downwind. Some features are similar to those
of a wake behind a bluff body as described in reference 1,
while other features are like those of coflowing jets as de-
scribed in reference 2. There are few published reports on
the detailed wake behind wind turbines. Templin (ref. 3) and
Crafoord (ref. 4) have made theoretical estimates of large
scale effects, that is, without considering detailed flow near
each turbine. Some experimental wind tunnel work has been done
by Ljungstrom (ref. 5), while more detailed wind tunnel work
has been conducted by Builtjes (ref. 6). A comprehensive re-
view of this work is given by Lissaman (ref. 7).

The analytical model presented in this report was de-
veloped through an evolutionary process. At the beginning of
the contract covering the work reported herein, a subcontract
was issued to AeroVironment, Inc. (Lissaman and Walker) for



the development of an analytical model and computer program

for the wake flow. The model developed by AeroVironment was
based on previous work done for the Swedish National Board for
Energy Source Development. The report describing the details
of the AeroVironment model and calculation procedure is refer-
ence 8. The general principles of the model are also described
in reference 9, which has a wider distribution than reference 8.

Upon close examination of the AeroVironment model, it was
determined that there were certain aspects of the model which
could be modified to improve the accuracy of the modeling of
the fluid mechanics of the wake. There were also some re-
finements in the model which were originally requested, but
which, in retrospect, should have little influence on the
overall results. The effects of these refinements were
deemed to be less than the uncertainties of some of the major
assumptions of the model. The revised version of the model
is contained in this report.

Both versions of the analytical model are based on the
theory of coflowing jets as presented by Abramovich in ref-
erence 2. The term "jet" is used to describe a flow emanating
from an opening into a larger surrounding coflowing flow. The
velocity of the jet may be greater or less than that of the
surrounding flow. In the application of the coflowing jet to
the analysis of wind turbine wakes, ambient turbulence must
be considered. Thus, for both the AeroVironment model and
the revised model as reported herein, the main task was the
addition of the effect of ambient turbulence and the ground
plane to the Abramovich model, computerizing the results, and
providing automated graphical output for the wake character-
istics.

This report contains a description of the analytical model
and a comparison with the earlier AeroVironment version.
Sample calculations using the analytical model are presented,
and the effects of the principal input parameters on wake
characteristics of a large wind turbine are explored. Also
included in the report are appendixes containing a listing
of the computer model, a version of the model for use on the
TI-59 programmable calculator, and a discussion of the alter-
nate algorithms considered in the development of the model.



3.0 DESCRIPTION OF WAKE MODEL

3.1 Approach

The mathematical model used for calculating the wind speed
profiles in the wakes of large wind turbines is described in
this section. The basic concept of the mathematical model is
that the wind speed profile in the wake is of different math-
ematical form in different regions of the wake (as defined
later), but this form is uniquely defined in each region at
each position downwind of the turbine. For each profile region,
knowing the wake radius at the beginning of the region and the
wake growth rate in the region, the wake radius can be determined
at any desired downwind location. Then, for a given mathematical
form of the wind speed profile, the centerline wind speed is
uniquely determined by the condition that the momentum deficit
is conserved from the initial wake to the downwind location.

Turbulence relationships. - The total effective growth
rate of the wake iIs given by the Pythagorean sum of the growth
rate due to the mechanical turbulence (i.e., turbulence generated
because of velocity gradients in the flow) and that due to the
ambient turbulence. The growth rate due to mechanical turbulence
is obtained by the experimental results of Abramovich (Ref. Z),
and the growth rate due to ambient turbulence is assumed constant
along the wake for a given value of the atmospheric turbulence.
The Pythagorean sum (i.e., square root of the sum of the squares)
was chosen because the total kinetic energy of the combined
turbulence equals the sum of the kinetic energy of the mechanical
turbulence and the kinetic energy of the ambient turbulence.

Abramovich (ref. 2) has done extensive work on coflowing
jets in fluids. Much of his work has been based on experimental
results with no ambient turbulence in the jet or in the
surrounding fluid. There are two mechanisms of momentum
transfer in the coflowing jets for which Abramovich has presented
results. The first mechanism is the result of the viscosity
of the air acting on the velocity gradients in the flow. This
mechanism of momentum transfer could be represented by the
Navier-Stokes equations for laminar flow (although Abramovich
does not use the Navier-Stokes equations). The second mechanism
of momentum transfer is turbulence generated by velocity
gradients in the flow. Because of energy extraction by the
turbine rotor, the wind speed of the air flowing through the
rotor is reduced, thus creating a stream tube of flow with a
wind speed less than that of the surrounding free stream. The
velocity gradient across the flow creates turbulence. This
creates an eddy viscosity (ref. 10), which increases the momentum
transfer in the flow. This mechanism of momentum transfer is
much more significant than momentum transfer in laminar flow.



'In the following discussion, the parameters calculated
from Abramovich are termed as being due to "mechanical
turbulence' because it is the gradients in the flow which cause
the turbulence which causes the momentum transfer in the cases
which Abramovich has studied. This term is used to distinguish
the effects which Abramovich has presented in ref. 2 from the
effects of ambient turbulence which were not included in the
effects which Abramovich included in his analysis.

.The wake growth rate due to ambient turbulence has been
taken from the theory of diffusion of pollutants by turbulence
in the atmosphere. Because of recent regulations related
to air quality, the theory of pollutant dispersion has been
developed extensively over the past few years. The relationship
between the dispersion of pollutants and the transfer of momentum
in a wake is given by Abramovich.

Wake Geometry. - The wake of a single turbine is shown in
Figure 3-1, as idealized for the unbounded flow (i.e., no effect
of the ground). The wake is divided into three regions for
the calculations. The wake radius in the first two regions
increases linearly with downstream distance at a rate set by
the effective turbulence, which is a combination of the mechanical
turbulence and the ambient turbulence. The influence of the
mechanical turbulence diminishes and asymptotically approaches
zero as the wake moves downwind. Eventually, the effect of the
mechanical turbulence becomes negligible, and the wake growth is
essentially determined by ambient turbulence alone.. In order to
accurately model wake growth with a diminishing influence of
mechanical turbulence, the wake boundary of Region III was
calculated by a numerical integration. The details of the
geometry and flow in these regions will be discussed in the
following sections.

In the initial region (Region I), the potential core is
that portion of the wake which has been unaffected by the shear
between the wake and the outer (ambient) flow. Region I extends
to X = X;;, the point at which the shear due to the outer flow
has compTetely eroded the potential core of uniform flow down-
stream of the extraction disk. Wind speed profiles across the
wake in this region are not self-similar at various downstream
locations due to the change in relative size of the core flow
and the turbulent mixing zone. At the end of Region I, a
continuous shear layer-like wind speed profile has completely
developed but is represented by a slightly different functional
form from that used later in the far wake regime. The transition
region, Region II, allows for the smooth transition of the



completely developed wind speed profile of Region I to that
used in the far wake, which is self-similar for all subsequent
downstream locations.

Region I also includes the expansion of the wake from the
diameter of the physical extraction disk, Rd’ to the expanded
slipstream value, R,, that is, the slipstream expansion due to
potential effects. "The computer model assumes that this
expansion occurs at the station of the disk itself so that the
wake develops from R = R, at X = 0. Reasons for this assumption
are discussed in a following section.

The wake growth rate is identical for Regions I and II and
is given by a combination of ambient and mechanical turbulence
as discussed in the following sections. The end of Region II
occurs at X, = nX;,, where n is derived from the form of the
wind speed profile in Region I and the form of the wind speed
profile in Region III as described by Abramovich. The wake
radius is calculated at the end of Region I and at the beginning
of Region III based upon a momentum balance with the initial
wake and the form of the wind speed profiles at each of the
respective locations. The downwind extent of Region II is then
calculated from the ratio of these radii and the wake growth
rate in Region I.

Region III is the far wake. In the initial part of Region
IIT, wake growth is controlled by a combination of mechanical
and ambient turbulence. Further downwind, the effect of
mechanical turbulence asymptotically approaches zero, and the
wake growth is essentially controlled by ambient turbulence
alone. 1In the numerical integration in Region III, wake growth
due to mechanical turbulence is never mathematically eliminated.
However, its influence asymptotically approaches zero.

Figure 3-1 also shows the notation to be used for the
geometrical parameters in the following discussion. Upper case
R denotes the wake radius in physical units. Notation for lower
case r is similar to that shown in Figure 3-1, but denotes wake
radius normalized by the turbine rotor radius, R,. The normalized
radius of the potential core is r,. The normali%ed outer radius
of the wake at the end of Region % is r,,. The notation, r,,
is used for the normalized outer radius~dt any general loca%ion
in the wake. The normalized downwind distance at which Regions
I and II end are x, and x,, respectively. In the following
discussion, upper case U Nenotes wind speed in physical units.
Lower case u denotes wind speed which has been normalized by
the free stream wind speed, U_.



The following sections describe the computer model. The
description follows the calculation procedure of the computer
program sequentially, giving derivations of equations used as
appropriate. The equations follow the development of Abramovich
(ref. 2) closely, and no derivation of equations taken directly
from Abramovich is given here. The reader is referred to
ref. 2 for derivations of these equations. A flow diagram for
the computer program is shown in Figure 3-2. A list of symbols
is given in Appendix A, and a program listing is given in
Appendix B. The equation number in the following description
is underlined when the equation is used directly in the computer
program. In the program listing in Appendix B, the equation
numbers for equations presented in this section are given.

In addition to the computer program, a version of the
wake model was developed for the TI-59 programmable calculator.
The TI-59 version of the model is presented in Appendix C.

The TI-59 version of the program uses the same equations as
those developed in this section for the computer model.

3.2 Data Input

The first step of the program is data input. Table 3-1
shows the input data and card formats for the input data. The
definitions of input parameters are given in Table 3-2.

The output of the program consists of a set of plots. The
plots consist of the wake radius, the wind speed deficit at the
center of the wake, the wind speed at the center of the wake,
and the turbine power factor (ratio of the power which would
~ be generated by an identical turbine in the wake of the first
turbine to that power which would be generated if the downwind
turbine were in the free stream wind) plotted as functions of
the downwind coordinate. At the user's option, the geometric
parameters may be plotted in physical units or as normalized
by the rotor radius. Plots of the wind speed in the wake as a
function of the lateral coordinate for eight altitudes for each
of the selected downwind locations are also made. At the option
of the user, the plots are normalized by the free stream wind
speed at the hub altitude or by the free stream wind speed at
the altitude at which the plots are made. In addition, a plot
'showing the vertical wind speed profile at each of the downwind
locations of the lateral wind speed profiles is made.

The parameter, o,, is an indication of the atmospheric
turbulence. It may be entered in one of two ways. First, it
may be entered as the standard deviation of wind direction as
measured by tower-mounted anemometers. Alternatively, the
atmospheric turbulence may be represented by the Pasquill



atmospheric stability class. The stability class varies from
class A (highly unstable atmosphere) to class F (highly
stable atmosphere). Table 3-3 (taken from ref. 11) provides
a key to stability classes.

"Strong'" incoming solar radiation corresponds to a solar
altitude of greater than 60° with clear skies; "slight'" inso-
lation corresponds to a solar altitude from 15° to 35° with
clear skies. Cloudiness will decrease incoming solar radiation
and should be considered along with solar altitude in deter-
mining solar radiation. Incoming radiation that would be strong
with clear skies can be expected to be reduced to moderate with
broken (5/8 to 7/8 cloud cover) middle clouds and to slight
with broken low clouds. These methods will give representative
indications of stability over open country or rural areas, but
are less reliable for urban areas. This difference is due
primarily to the influence of the city's larger surface
roughness and heat island effects upon the stability regime over
urban areas.

In general, inter turbine spaceing for wind turbines should
be based on Pasquill stability class D, which corresponds to
neutral atmospheric stability. From Table 3-3, stability classes
other than class C and class D occur only when wind speeds are
too low for turbine operation near rated power. Since wake
recovery will be faster for class C and for class D (because of
greater ambient turbulence for class C), class D is the
appropriate design condition.

The value of the initial veloctiy ratio, m, to be used
as input may be determined from one-dimensional momentum theory
in the following manner taken from Ref. 12. Let U_ be the
free stream wind speed, U, be the wind speed through the turbine
disk, and U, be the initial wind speed of the wake (i.e., after
expansion due to potential effects as discussed in the
following discussion). For the one-dimensional momentum
analysis, power is extracted from the disk uniformly over the
disk area, A. The axial thrust on the disk is

T = Momentum flux in - Momentum flux out

or

T = m(U,-Uy) = pAUL(U,-Uj) (3-1)

where m is the mass flow rate of air passing through the
turbine disk, and p is the mass density of the air. Also,
from pressure considerations, the thrust can be expressed as
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+ -

T =A( -p) (3-2)
where p+ and p  are the static pressures on the upwind and down-
wind sides of the turbine, respectively. Applying the momentum

equation (Bernoulli's equation) on the upwind side of the
turbine gives

(3-3)

where p_ is atmospheric static pressure. On the downwind side
of the turbine

= p,*heU (3-4)

Subtracting these equations to get (p+—p_) and using equation
(3-2) gives

T = A(p -p7) = %pA(U_2-Uy?) (3-5)

Equating this with equation (3-1) gives

Up = %(U,+Ug) (3-6)

T
From equation (3-6), it is seen that the wind speed through the

turbine is the average of the free stream wind speed ahead of
the turbine and the wind speed in the expanded wake of the

turbine.

The axial induction factor, a, is defined by
U. = U_(1-a) (3-7)
Therefore, from equation (3-6),

Uy = U,(1-2a) (3-8)

and the initial velocity ratio, m, is

Uoo
msz — = (3-9)
UO
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The initial velocity ratio can also be expressed in terms of
the turbine output power., Because power is given by the mass
flow rate times the change in kinetic energy, AKE, of the wind
flowing through the turbine, the power, P_, is

Uu? u,?
P_ = m(AKE) = pAUT[_f_ 4-9_] (3-10)
2 2

or, substituting for U.. from equation (3-7) and for Uy from
equation (3-8) and simplifying,

P_ = 2pAU_%a(l-a)?® (3-11)
The power, P_, has a maximum at a = 1/3 and a minimum at a = 1.
Therefore, if the turbine is operating at its maximum power for
the given free stream wind speed, m = 3. If the turbine is not
extracting the maximum power available at its free stream wind
speed, the appropriate value of '"a'" must be calculated from
equation (3-11). An iterative solution is necessary because
equation (3-11) is a cubic equation in "a'". The power to be
used in equation (3-11) is the power extracted from the wind,
not the electric power output of the generator. The aero-
dynamic power is the power extracted from the air by the tur-
bine blades. For an operating tubine, it may be obtained from
the output power and the generator and shafting efficiencies.

After the values of the input parameters have been read,
the program writes the values of the input parameters.

3.3 Calculation of Program Constants

Geometric constants for the program are calculated first.
The constants include the wake growth rate due to ambient
turbulence, the initial wake radius, the downwind extent of
Region I, the wake radius at the end of Region I, the downwind
extent of Region II, and the wake radius at the end of Region II.

Recalculation of input geometric parameters. - The program
allows input of geometric parameters in physical units or in
rotor radii. If they have been input in physical units, they
are corrected to units of rotor radii.

h, = Ha/Rd (3-12)
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zg = ZO/Rd (3-13)

Az = AZ/Rd (3-14)

Ay = AY/Rd (3-15)
Calculation of the initial wake radius. - From the

momentum analysis presented above, the wake expands from the
wind speed through the physical extraction disk, Up, to the
initial wake wind speed, Uy. Let R be the radius of the
turbine disk, and let R, bé the radius of thé€ wake after
expansion to speed, UO' The mass flow rate of air through
the disk is

- 2 - 2 _
m = pﬂRd UT = pﬂR0 U0 (3-16)

From equations (3-6) and (3-9)

~
(o]

2 U (U,+U;) m+1

I
Uo

(3-17)

2

d 2

2U

w

0

Therefore, the initial wake radius is given in terms of the
disk radius as

T, = — = m+l)/2 (3-18)

For the calculation of wake parameters, as indicated
previously, the results of Abramovich were derived for
mechanically-generated turbulence only (no ambient turbulence).
In the following sections, the results of Abramovich are modified
to include the effects of ambient turbulence.

Calculation of wake growth due to ambient turbulence. -
The program next calculates wake growth due to ambient turbu-
lence. The theory for the turbulent dispersion of plumes
(e.g., pollutants) in the atmosphere is used as the basis
for the calculation of wake growth due to ambient turbulence.
There are three steps in the following discussion. The first
step is the determination of the plume growth as measured by
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the concentration of atmospheric pollutants. The second step
relates the concentration of atmospheric pollutants to the wind
speed deficit in the wake of turbines. The third step relates
the profile parameters for profiles used for pollution concen-
tration work to the profile parameters for profiles used for
wakes.

In atmospheric dispersion work, the Gaussian distribution
is used to describe the concentration of pollutants. This
distribution is given in axisymmetric form as

X~Xe X v2/9.2
= = e T/ 20 (3-19)
Xe X  BXe
where ¥ = concentration of pollutants
Xe = concentration of pollutants at plume center
X = free stream concentration of pollutants (usually zero)
r = radial coordinate
o = pollution dispersion coefficient.

As mentioned previously, the atmospheric turbulence may be
input as the Pasquill stability class or as the standard devia-
tion of wind direction. Input as the Pasquill stability class
is considered first. Figure 3-2 of Ref. 11 gives o as a function
of x, the distance downwind of the pollution source, for the six
Pasquill stability classes. That figure is reproduced here and
shown as Figure 3-3. From this figure, the following values
for do/dx were calculated.

DERIVATIVE OF POLLUTION DISPERSION COEFFICIENT
FOR PASQUILL STABILITY CLASSES

Pasquill
stability class do/dx
A 0.212
B 0.156
C 0.104
D 0.069
E 0.050
F 0.034
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Reference 13 relates the Pasquill stability class to Tgs
the standard deviation of wind direction of the atmosphere.
This relation is given as follows.

STANDARD DEVIATION OF WIND DIRECTION FOR
PASQUILL STABILITY CLASSES

_Pasquill 04

stability class (degrees)

A " 25.0
20.0
15.0
10.0
5.0
2.5

o om 80w

A least squares curve fit of the data given in the two pre-
ceding tables gives '

"do
— = 0.031e"989% (3-20)
dx ’
Since 0= 0 at x = 0,
o(x) = 0.031xe 8% (3-21)

If the atmospheric turbulence is input as a Pasquill
stability class, table pg. 13 1is used to generate a value for
do/dx. 1If the atmospheric turbulence is input as a value
of Tgs equation (3-20) is used to generate a value for do/dx.

As the second step, it is desired to relate the distribution
of concentration of pollution to the distribution of wind speed
deficits. 1In the discussion preceeding equation (5.25),
Abramovich states that according to Prandtl's old and new
assumptions of free turbulence, the dimensionless profiles of
temperature and wind speed are the same, but according to
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Taylor's theory of free turbulence, they differ. In the
discussion preceeding equation (5.27), Abramovich states that
the mechanism of lateral transfer of heat and of admixture

is the same; consequently, the profiles of concentration
difference must be similar to the profiles of temperature
difference. This is stated in equation (5.27) of Abramovich.
Combining this result with equation (5.25) of Abramovich

gives
Ay ‘/Kﬁ V[jj?ﬁ;
Axc i AuC ) UC-Uw
where U wind speed in the wake

U, = wind speed at the center of the wake
o .
U_ = free stream wind speed.

(3-22)

Combining equation (3-22), the result of the Taylor theory
mentioned above, with equation (3-19) for a Gaussian wind speed
profile

Au _ 2 2
- o 21"/ 20 (3-23)

AuC

As a third step, it is desired to relate the o of the
Gaussian wind speed profile given by equation (3-23) to the
wake radius, r,, for the wind speed profile used in the model
presented herein. In the far wake, the wind speed profile is
given by equation (5.23) of Abramovich as

Au T 1,5 2 ’
_— = 1-<T—) (3-24)

The wind speed profiles of equation (3-23) and (3-24) are
very similar and are compared in Figure 3-4. 1In determining
the relationship between o and r,, Au_ is the same for both
profiles, and the mass deficit iS5 the same for both profiles.
The equality of mass deficits is

o L)

2 * r1.5'2
ZwAuC.I;-ZryZG r dr = ZWAUCJ{ 1-(——) r dr (3-25)
0 Tz

0
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Dividing by 21rAuC and integrating between the stated limits
gives

o? 9
—_— = — r22 (3-26)
2 70
or
r, = 1.970 (3-27)

Therefore, the wake growth rate due to ambient turbulence is

a = (drz/dx)a = 1.97(do/dx) (3-28)

where (do/dx) is obtained from the table on p. 13 or from equation
(3-20) "according to the method of input of atmospheric turbulence.

The above derivation is based on the Taylor theory of free
turbulence. This is the approach used by Abramovich, and
Abramovich presents a curve (Figure 5.10 in Abramovich) which
shows excellent agreement between experimental data and the
Taylor theory. Therefore, the Taylor theory was accepted for
use in this model. The Prandtl assumption is stated as

— = (3-29)

which is analogous to eauation (3-22)for the Taylor theory.
Under the Prandtl assumption, equation (3-23) would be

Au 2 2
- e T /20 (3-30)

— = e

AuC

Tracing through the derivation above gives the result

r, = 2.790 (3-31)

Therefore, the Prandtl assumption can be used in the model by
replacing the 1.97 in equation (3-28) with 2.79.
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Calculation of wake characteristics at the end of Region I. -
Let U_ be the free stream wind speed, U, be the initial wind
speed in the wake (c.f. equation (3~9))yand U be the 1local
wind speed in the wake. Abramovich assumes the wind speed

profile in Region I to be

Uy-U
= f(n) = (1-n*-%)?2 (3-32)

where, in the notation of Figure 3-1,

1'2-1'
n = = (3-33)
1 T2t

Equation (3-32) is based on experimental data.

By definition, the end of Region I is that point at
which the potential core vanishes. Thus, the wind speed at
the center of the wake at the end of Region I is U_.. A
momentum balance between the initial wake and the end of
Region I gives

_ 21t o

d 0 Rd v0.214+0.144m

21 |

T21

(3-34)

where R,,/R, is given by equation (5.19) of Abramovich, and r
A L. 21000 . 0
is giveni"by equation (3-18).

From the equation for boundary layer growth given by
his equation (5.1), Abramovich gives the length of the initial
region of the wake as (equation (5.20))

(Xy). R T, (1+m)
(xy), = —2 0. : (3-35)
R, 0.27(m-1)v0.214+0, 144m

[a®}

The m subscript denotes that the quantity is associated with
mechanically-generated turbulence (and is given by the Abram-
ovich model).
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Equation (3-34), which gives the wake radius when the
potential core has been completely eroded, is derived from
conservation of the momentum deficit from the initial wake,
the fact that U = U, at the center of the wake at the end
of Region I, and the assumption of the wind speed profile
given by equation (3-32). It is therefore valid regardless
of the presence or absence of ambient turbulence. Therefore,
the presence or absence of ambient turbulence only affects the
distance, XH, at which the end of Region I occurs.

In the development of the model, seven approaches for the
downwind extent of Region I were considered. The approaches
are described and compared in Appendix D. Two of the approaches
are slightly different in concept, but yield identical results.
They are physically more justifiable than the other approaches
and give numerical results that lie near the middle of the
numerical results of all of the other approaches. Therefore,
these two approaches have been selected for the model. The
reader is referred to Appendix D for a description of the other
five approaches.

Figure 3-5(a) shows Region I for the Abramovich solution.
The three areas shown are the free stream flow, the potential
core, and the boundary layer between the free stream flow and
the potential core. Also shown is the line which passes
through the initial wake boundary and the midpoint of the wake
radius at the end of Region I. The effect of ambient turbulence

is shown in figure 3-5(b).

The first approach is based upon the growth of the boundary
layer, b. Under this approach, the downwind extent of Region I
is defined as that point at which the width of the boundary
layer is ry7. Since the wake radius ia also rp; at the end

of Region I and

the radius of the potential core, ry, must be zero at this point.
For mechanical turbulence, the grow%h rate of the boundary layer

is
(EE) _ _f21 (3-37)
dx/m '(XH)m _

Furthermore, for this formulation, the ambient turbulence exists
in both the free stream flow and in the potential core. Since
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the ambient turbulence affects both sides of the boundary layer,
and o 1s the wake growth rate due to ambient turbulence on one
side of the boundary layer (since it was developed as the rate
of growth of the wake radius), the total growth rate of the
boundary layer is

db T 2
— = < 21 Vv o] (3-38)
().,

where the Pythagorean sum of the mechanical turbulence and the
ambient turbulence has been used. Since the wake radius is Ty
at the end of Region I, the downwind extent of Region I is

T T
s 21 (3-39)

*H
© db/dx [( 21 >2+(20L)2]1/2
(XH)m

An alternate approach to the downwind extent of Region I
results from the assumption that the boundary layer develops
about its own center. For this assumption, the erosion of
the inner core, or the growth of the outer radius, is measured
relative to the line passing from the initial wake radius to
half the wake radius at the end of Region I, as shown in fig-
ure 3-5(b). For the erosion of the inner core, let bj be the
distance from the edge of the potential core to the midpoint
of the boundary layer. Hence, for mechanical turbulence,

db 0.5
(——1> _ (3-40)
dx /m (xH)m

Adding the ambient turbulence from the inner core by the
square root of the sum of the squares gives

1
db 0.51,,\? E
_ 1 <__2l) rq? (3-41)

dx (XH)m

Since b1 = O.Sr21 at the end of Region I,
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0.57
Xy = 21 (3-42)

H 1
[(0.5T21)2+a2] y
(XH)m

It is noted that multiplying both the numerator and the
denominator of equation (3-42) by 2 gives equation (3-39).

The same result is obtained when the growth of the outer
radius of the wake is considered. Let b, be the distance
from the mid point of the boundary layer“to the outer radius of
the wake. Then at the end of Region I

db 0.5
(-—3) 3 (3-43)
dx /m (XH)m

Adding ambient turbulence gives
db, 0.5T,, 2
— = —=) +a? (3-44)

Since b2 = 0.5r21 at the end of Region I,

0.5r21

Xy = T (3-45)
[(0.5r21)2+a2]
(xg)

which is identical to equation (3-42).

The parameter for the wind speed deficit at the center of
the wake is

bug = - (3-46)
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which is the wind speed dificit at the center of the wake
divided by the initial wind speed deficit. The c subscript
denotes the wind speed in the center of the wake. Because
the wind speed in U, in the core of the initial region,

AuC = 1 in Region I.

Downwind extent and radius at end of Region II. - Region
IT is a transition region from the wind speed profile form
of the initial wake to the wind speed profile form of the
far wake. The form of the wind speed profile in Region I
is given by equation (3-32). Using this form for the wind
speed profile and the condition that the wind speed at the
center of the wake is UO’ the wake radius at the end of Region
I (denoted by r 1) is given by equation (3-34) and is derived
from the fact t%at the momentum deficit at the end of Region I
must equal the momentum deficit of the initial wake. As shown
later in the discussion of Region III, in Region III, the
wind speed profile is of the form given by equation (3-53).
Using the same conditions (i.e., wind speed at the center of
the wake is U, and the momentum deficit of the wake must equal
the initial momentum deficit of the wake), the wake radius
calculated is greater than r,,. Let this wake radius be the
wake radius at the end of Refion II and be denoted by Ty
The downwind extent of Region II is the distance require% to
allow wake growth from r,, tor,, at the wake growth rate
of Region I. The downwiné exten% of Region II is given by

Xy = DXy = nXH/Rd (3-47)

where n is taken from equation (5.124) in Abramovich as

v0.214+0.144m 1-v0.134+0.124m
n = (3-48)
1-v/0.214+0.144m Y0.134+0.124m

The wake growth rate in Region II is identical with that
in Region I. Therefore, the wake radius at the end of Region
IT is given by (cf., Figure 3-1)

(Ry1-Rg) (3-49)

= |
T |2
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or, dividing by Rd gives
=,_22.=T+n(r - ) (..0
0 217 %o 3-50)

The relationship of equation (3-48) is derived solely
from. the mathematical forms of the wind speed profiles in
Region I and Region III and the assumption that the
wake growth rate in Region II equals that in Region I.

If these same assumptions are made in the presence of ,
ambient turbulence (i.e., the presence of ambient turbulence
does not change the form of the wind speed profile in

Region I or in Region III, and the wake growth rate

in Region II equals that in Region I), then the relation-
ship of equation (3-48) is valid in the presence of ambient
turbulence.

3.4 Wake Calculations in Region ITI

Wake growth in Region III. - Region III of the wake is
the region in which the mechanically-generated turbulence decays.
Thus, at the beginning of the region, wake growth is governed
by both mechanically-generated turbulence and ambient turbulence.
The wake growth due to mechanically-generated turbulence asymp-
totically approaches zero as the downwind coordinate, x,
increases. 1In Region III, the wind speed profiles are self-
similar, that is, they have the same mathematical form at all
downwind locations. If the applicable expressions from
Abramovich are used, the wake growth must be calculated by

numerical integration.

Let it be assumed that the wake radius, r_, is known
at distance, x, downwind of the turbine, where #. and x are
values of the wake radius and downwind distance which have
been normalized by the rotor radius, R;. Let T,' = T,*Ar
be a wake radius which is slightly larger than T,. I% is desired
to find the downwind distance at which the wake ¥adius is rz'.

For the main region of the jet, the unnumbered equation
preceeding equation (5.97) of Abramovich gives the wake radius
as a function of the wind speed deficit at the center of the
wake as '

-mn 5
1u (3-51)

2 2 m
(1-m) (AZAuC +A1(1_m)AUC>

Mou

TZ—TO
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where Au_. is defined by equation (3-46) and

Ny, = Ny, = 1 (3-52)

in the case of uniform fields of velocity and density at the
initial cross section of the jet (equation following equation
(5.39) of Abramovich).

In the main region of the jet, Abramovich assumes (based
on experimental data) that the form of the wind speed profile
in the far wake is

1.5 2
A Um0 1_(1_) (3-53)

where U_ is the wind speed at the center of the wake. From
this asSumed form of the wind speed profile, equation (5.86)
of Abramovich gives

pg
1]

0.258 (3-54)
and

A 0.134 (3-55)

2

Therefore, equation (3-51) is

0.258m "k
= 2 -
I'Z = TO (1‘]’[1) 0.134AUC+ ——m—_]-_'— AUC (3 56)

Equation (3-56) is a momentum equation which equates the momentum
deficit in the main region of the wake to the initial momentum
deficit of the wake. Rearranging equation (3-56) to solve for
AuC gives

Au_t——2 = 0 (3-57)
rzz(m—lj

1,
0.258m [/0.258m\? 0.536r02 2

Au_ = 3.73 - - (3-58)

c m-1 m-1 r,%(m-1) -

0.258m r02
O.134Aué- ___—__>

m-1

orTr
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where the negative sign for the quadratic equation was chosen
so that AuC goes to zero as T, becomes large.

From his equation (5.28), Abramovich assumes that the wake
growth rate is directly proportional to the difference between
the wind speed of the free stream flow and the wind speed at
the wake center and is inversely proportional to the mean wind
speed of the wake. Using the first part of equation (5.31) of

Abramovich gives

dx 2U_ 20,
+c = 1+ = 1- : (3-59)

dI‘Z UC-UOO AuC (.Uco"Uo)

where the definition of Au_ given by equation (3-46) has been
used in the last term of tfie equation. Dividing by U_, using

the definition of m given by equation (3-9) and rearranging gives
the wake growth rate due to mechanical turbulence (using

c = -0.27 for m > 1) as

<drz> [ 2m ] -1
—=2) =0.27}— -1 (3-60)
dx /m (m-l)AuC

The calculation procedure for wake growth in Region III
is as follows. Let it be assumed that the wake radius, r,, is
known at distance, x, downwind of the turbine. Let rz' =TT +AT
be a wake radius which is slightly larger than r,. Let
(dr,/dx) be the wake growth rate due to mechanicidlly-generated
tur%uleﬂ%e calculated from equation (3-60) for wake radius, T,
The value of Au used in equation (3-60) is calculated from
equation (3-58). Let (dr,/dx) ' be the wake growth rate due to
mechanically-generated tu¢buldhce for wake radius, T,'. As
before, the wake growth rate due to ambient turbulencé is
taken as a. Therefore, the total wake growth in the interval

Ar between T, and rz' is given by

d (dr,/d +(dr,/dx)_'\? L
<__r_2> =[< T/ dx)y* (drp/dxy, > +a2] (3-61)
dx /e 2

The downwind distance, x', at which the wake radius is rz' is
given by

‘ Ar
x' = Xt————— (3-62)

(drz/dx)e
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Equations (3-60) through (3-62) are solved iteratively, and

T, is thereby generated as a function of x. In the calculation
procedure, the calculations of equations (3-58) and (3-60) are
performed in Subroutine R3 since the calculations must be
repeated many times for different values of T, and rz'.

If one of the downwind locations at which wind speed profiles
are to be calculated is encountered during the numerical inte-
gration of Region III, the wake radius at that point is retained.
The wake radius at the desired value of x is obtained by linear
interpolation between the values of x which bracket the desired
value of x. The numerical integration is continued downwind
until x > 50 or r, > 7, whichever occurs first.

Turbine power factor. - As mentioned previously, Subroutine
R3 is used to perform the calculations of equations (3-58) and
(3-60). The subroutine also calculates the turbine power factor
which is defined as

P = P/P_ (3-63)
where P = power which is generated by a turbine which
is geometrically identical to another turbine
and centered in the wake of the other turbine
P_ = power generated by the turbine in the free

stream wind.

The geometry related to a wind turbine in the wake of
another wind turbine is shown in Figure 3-6. This geometry
represents a worst case condition because the downwind turbine
is centered in the wake of the upwind turbine. For actual
turbines, the wake oscillates because of changes in the wind
direction. However, in the present analysis, it is asssumed
that the downwind turbine is fixed in the center of the wake
of the upwind turbine.

Immediately upwind of the turbine, the stream tube of the
flow passing through the turbine expands from a radius, R_, and
wind speed U_, to the disk radius, R;, and the wind speed, UT’
through the turbine disk. It is assumed that the distance, "AX
over which the potential effects occur (cf. equations (3-1) P>
through (3-6)) is small compared with the distance between the
turbines. Let A_ be the cross-sectional area of the stream
tube in the free stream. Let the turbine power for a turbine
in the free stream air be

P_ = KA U.? (3-64)
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where, from comparison with equation (3-11), the constant,
K, is

K = 2pAa(1-a)?/A_ (3-65)

For a turbine in the wake of another turbine, equation (3-64)
must be modified to show the variation of the '"free stream"
wind speed across the stream tube for the downwind turbine.
For a turbine in the wake of another turbine, the power is

R
P = 21rK/[U(r)]3R dR (3-66)
0

or, normalizing R by Rd and normalizing U by U_ gives
rco
P = ZTrKUw3Rd2/[u(r)]3r dr (3-67)
0
Combining the definition of the turbine power factor from

equation (3-63) with equations (3-64) and (3-66) gives
T

ZﬂKUmaRdzf[u(r)]ar dr
P
P oo = 0 (3-68)
P KR 2U_*
or
2 oo
P = — ./%h(r)]ar dr (3-69)
r_? 0

From the conservation of mass ih the stream tube upwind of the
turbine, the mass flow rate of air through the turbine is

m = wadZUT = mpR_*U_ (3-70)

Using equation (3-6) for UT and rearranging gives
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R .2 (3-71)

Dividing by R 2Uqo and using the definition of m given in
equation (3-9) gives

m+
T = (3-72)
2m

The preceeding discussion has been related to the downwind
turbine (i.e., the turbine which lies within the wake of the
upwind turbine). The wake of the upwind turbine forms the
free stream wind flow for the downwind turbine. In the far wake
(Region III), the form of the wind speed profile is given by
equation (3-53). Combining this equation with the definition
of Au_ given in equation (3-46) and the definition of m given
in equation (3-9) and dividing by U_ gives

1 T 1,5 2
u = l«AuC< -—) 1- ——) (3-73)
m r,

If the center of the downwind turbine coincides with the
center of the wake with the wind speed profile given by equation
(3-73), the turbine power factor is

2 5 1 r\1-572)3
P = ——/{;.*AU <1-—>[1-<—> ] } r dr (3-74)
r 2 0 “\ m T,

For convenience in the derivation, let

1 .
B = Au -— -
c< m) (3-75)
Then

b ) T ) T

© 2
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2 Lo T 1.5
/ {[1-3B+3B2—B3] + [6B—12B2+6B3](-—>

.ﬁ - 2
L 0 rz
T 3 T k.5
+ [—3B+18B2-15B3]<——> +[l12132+20133](—>
T2 T2
T 6 r 7.5 T 9
+[3B2-15B3]<-—i>+6B1f——> -B3<——> )r dr
rz I‘Z I‘z ‘
(3-77)

Integrating between the indicated limits and simplifying gives

P =

1-3B+3B*-B? 6B-12B2+6B3/rw t.s —3B+18B2-15B3/r 3
2 { ) + .Ji>

2 ' 3.5 \;; 5 \r,

-12B2+20B% fr_\*-%  3B2-15B%/r_\® 6B%/r,\"*° B?/r. )\’
+ /-ﬁ> + ~_.__<_°°> + <~—> - —|— % (3-78)
2

6.5 \xz 8 T 9.5\1, HAr,

The power factor P can then be ex ici
. pressed explicitl
?: §o§?3§§%9n of.?hand r3 by evaluating B from equation¥(3-58)
ion wi equation (3-18 and r f i
(3-72). The expression for B is ) » TTOM equation

0.268 1 Y
B = 3.731 0.258—[6.06656- -——
r22 m2

Figure 3-7 shows calculated values of P as a function of r, for
three values of m as obtained from equation (3-78) and the above
expression for B. This plot is not generated during the computer

run.

\

This analysis was developed for a wake out of ground effect.
That is, there is no effect of the ground plane and no wind
shear because of the ground. Two other assumptions are involved.
The first is that no significant wake growth occurs over the
distance of the expansion of the stream tube from radius R to
the disk radius R, for the downwind turbine. The second assump-
tion is that the gxial induction factor, a, is the same for both
turbines. Because the turbine power factor is based upon the
form of the wind speed profile that exists in Region III, the
turbine power factor is undefined in Regions I and II.
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3.5 Wake Plots

As mentioned previously, the numerical integration in
Region III is terminated when x > 50 or r, > 7, whichever occurs
first. Four plots are then made. The fifst plot shows the wake
radius, the wake width, and the height of the top of the wake
above the ground as a function of the downwind coordinate, x.
The wake width is

w = Zr2 (3-79)
The height of the top of the wake above. the ground is

h = r +h (3-80)

The second plot shows Au. as a function of x. The third plot
shows the normalized wind speed at the center of the wake, uc.
This is obtained from rearranging equation (3-46) to give

U = Ug,-du (U,-Uy) (3-81)
and then dividing by U_ to give

1
=u, = 1-AuC -— (3-82)

m

CilC:
(g]

<o

The fourth plot shows the turbine power factor as a function
of the downwind coordinate, x, in Region III.

3.6 Calculation of Wind Speed Profiles

After the plots described above have been completed, plots
of wind speed profiles are made. The first set of wind speed
profiles shows the wind speed as a function of the lateral
coordinate for eight altitudes specified by the input values
of z, and Az. Plots are made for each of the input desired
downwind locations. A plot of the vertical wind speed profile
at the wake centerline is then made. A single plot shows the
vertical wind speed profile at all of the downwind locations
at which lateral wind speed profiles were made.

Coordinates. - If the downwind locations at which wind
speed profiles are desired have been input in physical units,
they are converted to units of rotor radii by
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Where the notation x,. denotes the downwind coordinate of the
jth location at whicﬁjwind speed profiles are desired.

-During the calculation of the wake radius as previously
described, the wake radius corresponding to each Xy is
calculated and retained. Let r_. be the wake radifil at x = Xgqs -
For the de which are less than N J

rsj = r0+(r22-r0)xdj/xN (3-84)

For the X3 which are larger than x,,, the values of r_. are

retained 91 the values of the x,. are determined durifdg the
numerical integration of Region 1II. The wake radius at X g1
is obtained by linear interpolation between the values of x%)
which were calculated in the numerical integration and which

bracket de'

The generation of the lateral wind speed profiles begins
at z = zg and y = 0 (axis of turbine). Values of the wind
speed in the wake are calculated at increments, Ay, beginning
at y = 0. Once the value of y is in the free stream (indicated
by u = 1), the free stream value of the wind speed is extended
across the plot to y = 6 rotor radii. The altitude is then
incremented by Az, and the wind speed profile at the next alti-
tude is generated. The process is repeated until wind speed
profiles have been generated for eight altitudes. Since the
lateral profiles are symmetrical about y = 0, the wind speed
for only positive values of y are determined.

After the lateral wind speed profiles have been generated
for a given downwind location, Xxgij, the vertical wind speed
profile is generated. The vertic%l wind speed profile is cal-
culated at y = 0 only. The profile begins at z = 0 with in-
crements of the input value of Ay used for successive calcula-
tions (i.e., Az = Ay for this calculation).

The altitude of the point on the wake profile (y,z) rela-
tive to the axis of the turbine, denoted by zy, is also calcu-

lated. It is

Zy = z-hy (3-85)

where 1z 1s the altitude as measured from the ground.
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Subroutine CALCU is used to calculate the wind speed in
the wake for given values of y and z_. The subroutine first
calculates the radius of the point (y,zv) as

T = »/y2+zv2 (3-86)

Region I. - If X35 $ Xyg» Xg; 1s in Region I. The radius
of the potential core is J

ry = ro(l-xdj/xH) (3-87)
Consider qas.defined by equation (3-33) where r, = Tgj- If
n >1, r is inside the potentla} core and
u = 1/m (3-88)
If n < 0, v is outside the wake boundary, and
u =1 (3-89)

If 0 <n < 1, r is in the boundary layer. Rearranging equation
(3-32), dividing by U_, and using the definition of m from equation
(3-9) gives

U 1 1
U= — = -+<1-—><1-n1‘5)2 (3-90)
U, m m

After the value of u is calculated, control is returned to the
main program.
Region ITI. - If de-? Xy xdj is in Region III. If r > Ty,
u-=1 (3-91)

If r<r,, Subroutine R3 is called to calculate Au. from equation
(3-58).“ Then, with (U_-U) from equation (3-53) and (U_-U.) from
equation (3-46),

T 1.592
U,-U = du_(U,-U,) 1-<——> (3-92)
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Dividing by U_ and using the definition of m in equation (3-9)

gives
1 T 1.5]2
u = l—AuC<——> 1—<—> (3-93)
m T,

For this equation it is seen that if r = Ty, U = 1. Ifr =0,

1
u = 1—Auc< -—> (3-94)
m

which agrees with the definition of Auc given in equation (3-46).

Region II. - If X, < Xx,. < X, X,. 1s in the transition
region. The wind speed is lgﬁearly in%érpolated between the
profile at the end of Region I and the profile at the beginning
of Region III. The actual radius of the wake in Region II is
used. Let u, be the value of u calculated from equations (3-33)
and (3-90) uging the value of r/r, in Region II. Let u be the
value of u calculated from equation (3-93) using the samé value
of r/r,. At the beginning of Region III, Abu. = 1. Then, for

Region™II,
Xi.-X X=X qs
u = <L—H>uIII+<N—g—J—>uI (3-95)
*N"*H *N"*H

After calculation of u, control is returned to the main
program.

3.7 Calculation with Ground Effect

The above equations describe the wind speed in the wake
for an isolated turbine. The effect of the ground is to
shield the lower part of the wake from the effect of the ambient
wind which would otherwise act to accelerate the flow in the
wake. The effect of the ground thus retards the acceleration
of the wake flow by the surrounding free stream. Thus, in the
presence of the ground effect, the wind speed in the wake is
less than it would be if the ground were not present.

!
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The presence of the ground is modeled by placing an image
turbine at distance, ha’ below the ground. The imaging technique
is shown in Figure 3-8, Let z_* denote the altitude of the
point (y,z), relative to the axis of the image turbine. Then

ZV* = Z+ha (3-96)

Using the value of z_* instead of z_, Subroutine CALCU is called
to calculate u*, the normalized wind speed at point (y,z) in the
wake of the image turbine. The total wind speed deficit in the
wake in ground effect is the sum of the wind speed deficits in

the wakes of the real turbine and of the image turbine. If u

is the normalized wind speed for a wake in ground effect, then®the
sum of the wind speed deficits is

1-u, = (L-u)+(1-u¥) (3-97)

where the 1 is the normalized wind speed of the free stream.
Rearranging equation (3-98) gives

ug = u+u¥-1 (3-98)

By definition, the approach conserves the total mass deficit.

The mass deficit in the real wake is (1-u). The mass deficit

in the wake of the image turbine is (1-u*), and the mass deficit
of the wake in ground effect is (1-u_). Equation (3-97) shows
that the mass deficit for the wake ifi ground effect is the sum of
the mass deficits for the wakes of the real and image turbines.

It is noted that the presence of the ground does not affect
the shape of the wake boundary above the ground. This is shown in
Figure 3-9. The only portion of the wake which is affected by
the ground effect is that portion of the wake which lies in the
intersection of the wake of the real turbine and the wake of
the image turbine.

3.8 Calculation of Wind Speed

For the horizontal wind speed profiles, the input parameter,
NP, specifies whether the wind speed is to be normalized by the
free stream wind speed at the altitude of the profile or is to
be normalized by the free stream wind speed at the hub altitude.
If NP = 0, the wind speed in the wake is normalized by the free
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stream wind speed at the altitude of the wind speed profile. The
parameter, u_, given by equation (3-98) has been developed as the
normalized wénd speed in the wake in a uniform free stream wind
speed. Therefore, u, = 1 in the free stream. For a nonuniform
free stream wind spe&d profile, if the wind speed in the wake is
normalized by the free stream wind speed at the altitude of the
wind speed profile, the wind speed in the free stream is 1.
Therefore, u_ is the wind speed in the wake normalized by the free
stream wind gpeed at the altitude of the wind speed profile.

In NP = 1, the wind speed in the wake is normalized by the free
stream wind speed at the hub altitude. Then, the wind speed at
the altitude of the wind speed profile is

U, = Uwug(z/ha)Y (3-99)

where U_(z/h )Y is the free stream wind speed at the altitude of
the wind speéd profile, and (as indicated above) u_ is the wind
speed in the wake normalized by the free stream w¥nd speed at the
altitude of the profile.

If U, has been input in physical units, the graphical output
of the program will be in physical units of wind speed instead
of normalized by the free stream wind speed. In this case, the
use of NP = 1 will give output in physical units of wind speed
for each altitude. The ‘output for NP = 0 has no desirable
interpretation if U # 1.

For the vertical wind speed profile, equation (3-99) is used,
regardless of the value of NP or whether the output is normalized
by the free stream wind speed or given in physical units. Thus,
the wind speed profile of the free stream is always evident on the
vertical wind speed profile is y > 0.



FORMAT OF INPUT PARAMETERS FOR TURBINE WAKE COMPUTER PROGRAM

Table 3-1

Columns 1-10 11-20 21-30 31-40 41-50 51-60 Format
Card 1 ST CPM AH VHO WEXP RRR 6F10.4
Card 2 J, 10, NP 312

Card 3 XNPT (1) XNPT(2) XNPT(3) XNPT(4) XNPT(5) XNPT(6) 6F10.4
Card 4 Z0 DZZ DYY 3F10.4
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Table 3-2

TABLE OF INPUT PARAMETERS FOR TURBINE WAKE COMPUTER PROGRAM

Symbol

Computer
Symbo1l

Definition

ST

CPM

AH

VHO

WEXP

Atmospheric turbulence parameter.
positive number, it is the standard deviation of

the wind direction.

it is

the
for
for
for
for
for
for

Pasquill
Pasquill
Pasquill
Pasquill
Pasquill
Pasquill
Pasquill

If the input value
ambient turbulence
wake solution results.

Ratio of free stream wind speed, U_, to the initial

If input as a negative number,

stability
stability
stability
stability
stability
stability
stability

is 0., the wake

class
class
class
class
class
class
class

If input as a

as follows:

Tmmon W

growth due to

is zero, and the Abramovich

wind speed in the wake, UO‘

Hub height of the turbine in rotor radii or in
physical units as specified by IO.

Ambient wind speed at the hub altitude.

If out-

put is desired in physical units, input
value should be in physical units.
put normalized by free stream value is de-
sired, input should be 1.0.

If out-

Coefficient of the power law profile for the
free stream wind speed.

9¢



Table 3-2

TABLE OF INPUT PARAMETERS FOR TURBINE WAKE COMPUTER PROGRAM (Continued)

Symbol

Computer
Symbol

Definition

Rq

I0

NP

xd or Xd

RRR

IO

NP

XNPT (j)

Rotor radius. An input value of 1.0 will give
all output of units of length in rotor radii.
An input value of 0.5 will give all output of
units of length in rotor diameters. An input

~value greater than 2.0 will give all output of

units of length in the physical units used for
the rotor radius.

Number of downwind locations at which wind speed
profiles are to be calculated.

Input option for parameters with physical dimensions
of length (AH, XNPT, Z0, DZZ, DYY)
I0 = 1 for input in rotor radii
I0 = 2 for input in physical units (must be same
physical units as used for rotor radius).

Specifies how velocity is to be normalized
for plots of wind speed profiles in the lateral
direction.
NP = 0 normalizes wind speed by the free stream
wind speed at that altitude
NP = 1 normalizes wind speed by the free stream
wind speed at the hub altitude.

Downwind locations at which wind speed profiles
are to be calculated (rotor radii or physical units
as specified by IO0).

LS



Table 3-2

TABLE OF INPUT PARAMTERS FOR TURBINE WAKE COMPUTER PROGRAM (Concluded)

Computer

Symbol Symbol Definition

zy or Z0 Z0 Minimum altitude at which wind speed profiles
are to be calculated (rotor radii or physical
units as specified by I0). '

Az or AZ DZZ Increment in altitudes at which wind speed
profiles are to be calculated (rotor radii
or physical units as specified by IO).

Ay or AY DYY Increment in y by which calculations are to

by made in generating the wind speed profiles
(rotor radil or physical units as specified
by 10).

8¢



Table 3-3

KEY TO PASQUILL STABILITY CALSSES

Surface wind
speed at 10m

Day

-

Incoming solar radiation

Night

Thinly overcast
or

(m/sec) Strong Moderate Slight >4/8 Low cloud <3/8 Cloud
<2 A A-B B

2-3 A-B B C E F

3-5 B B-C C D E

5-6 C-D D D D
>6 C D D D D

6¢
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of Region T
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R22= Outer radius of wake at end
of Region II

XH = Downwind extent of Region I
Xy = Downwind extent of Region II

Figure 3-1. - Wake geometry for the wake computer model.
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<:» Readldata ;)

Calculate parameters in rotor
radii if they have been input
in physical units.

Calculate wake growth rate due
to ambient turbulence from
standard deviation of wind
direction or from Pasquill
stability class.

Calculate initial wake radius, r
wake radius at end of Region I
and downwind extent of Region

—{ >
~

Calculate wake radius at end of
Region II, r X and downwind extent
of Region IT| Xy

|

Save values of wake radius at input
values of XNPT(j) for the XNPT(j)
which 1ie in Regions I or II.

[

<:; Open plot files. j>>

Figure 3-2. Flow diagram for wake model computer program.
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Create data sets for plotting.

Write x, r,, u_, u
(ito appropr%ate %ileg:

Does

next

XNPT(j) lie
between

old x and

new x
?

T,=T
rd =9
u gl/m
c
p)
Set r2' = r2+Ar
¥

Call Subroutine R3 to calculate
Au, (dr/dx), and turbine power

factor.

Calculate wake radius at
XNPT(j) by linear interpolation
and save.

¥

Calculate total wake
growth rate.

Calculate x'
Set 1 =r2'
Set x=x'

l

Figure 3-2. Flow diagram for wake model. computer program

(continued).
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< Close plot files >

Initialize plotter

Make plots of r, vs. X, Au_ vs. x,
and P vs. x. ¢

¥

{ Open plot files for profile plots.:>

1

Generate and plot lateral wind
speed profiles. Call Subroutine
CALCU to calculate values of
wind speed in the wake.

Have
lateral
wind speed
profiles been
generated
for all
XNPT
?

Yes

Generate and plot vertical wind
speed profiles. Call Subroutine
CALCU to calculate values of
wind speed in the wake.

!

Close plot files for profile
plots.

| -

Stop

Figure 3-2. Flow diagram for wake model computer program
(concluded).
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Gaussian wind speed
profile

Wind speed profile
in far wake of present

| | [ model

Wake radius parameter, r/r2

Figure 3-4.
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Wind speed deficit parameter,

U-u
o

Comparison of the Gaussian wind speed profile
used in plume dispersion analysis with the
wind speed profile used in the far wake of
the wake model.
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Distance downwind of turbine, x

(a) Region I for Abramovich solution
(no ambient turbulence)

Wake radius, r

(b) Region I with ambient turbulence

Figure 3-5. ~ Geometry of Region I of the wake for
calculating the downwind extent of
Region TI.
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Figure 3-7. - Turbine power factor as a function of wake radius.
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Figure 3-8. - Geometry for calculation of ground plane effect by
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Wake of real turbine

Portion of wake
affected by the
ground plane

Ground plane

Wake of image turbine

Figure 3-9. Illustration of the portion of the wake
affected by the ground plane.
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4.0 COMPARISON WITH PREVIOUS MODEL

There are some differences between the model presented
in the previous section and the AeroVironment model presented_
in reference 8. For the purpose of completeness, those dif-
ferences are documented in this section.

4.1 Wake Growth Rate Due to Ambient Turbulence

For the calculation of wake growth due to ambient tur-
bulence, the AeroVironment model uses the expression

dR, o
X * T 05T (4-1)

where o 1is a direct data input for the calculation. Methods
for determining the value of .o« were suggested, but not de-
tailed. These included evaluating o from the effective
turbulence intensity of the atmosphere at the site, or from
the growth rates of smoke or polutant plumes as given in
atmospheric dispersion theory. The present model uses the
growth rate due to ambient turbulence as

dR,
T = o (4-2)

where o 1is calculated internally from input considerations
of Pasquill stability class designation for the atmosphere as
given in dispersion theory. This is done in conjunction with
the Taylor assumption for the relationship between velocity
deficit profile and admixture profile (corresponds to the
1/0.51 in the AeroVironment formulation).

The AeroVironment model has provision for different values
for vertical and lateral (normal to the wind direction) com-
ponents of wake growth due to ambient turbulence. Under these
conditions, the wake (out of ground effect) assumes an ellip-
tical cross section instead of a circular cross section. This
condition was not included in the present version for sim-
plicity and because of the uncertainty about the appropriate
procedure for relating unequal wake growth rates to an axisym-
metric flow solution. In the present model, the wake growth
rate due to ambient turbulence was taken as the lateral growth
rate.
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4.2 Support Tower

The effect of the wake of the turbine support tower was
not included in the present version because it was believed
to be an unwarranted complexity. Tower wake relationships de-
pend on the type of construction (i.e., lattice or tubular)
and the interaction between the tower wake and the turbine
wake. Furtherfore, the effects of the tower wake should be
diminished in the far wake of the turbine, which is the prin-
cipal region of interest. Thus, the tower wake effect was
deemed negligible compared to the other uncertainties in the
model formulation.

4.3 Calculations for Region I

The calculation of To1s the wake radius at the end of
Region I was done differen%ly in the revised model than in

the AeroVironment model. The AeroVironment model used equation
(5.21') of Abramovich. At the end of Region I, the boundary
layer width, b, is Toq- In Abramovich's notation, y is the
distance from the inl%ial wake radius to the boundary of the
potential core. Therefore, at the end of Region I, Y, = Tq»
and equation (5.21') of Abramovich can be written as

T T
0 - 0.416+0.134m+0.021-21

T21 To

(1+0.8m-0.45m?) (4-3)

This is a quadratic equation in r?l/ro which is solved for r21/r0
to give

r,, -f+/TTg
= (4'4)
T 2g
where
f = 0.416+0.134m (4-5)
g = 0.021(1+0.8m-0.45m?) (4-6)

The positive sign was chosen for the solution to the quadratic
equation so that r21/r0 is positive.
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Although this approach is correct, it was deemed to be
unnecessarily cumbersome. The parameter, r21/r0 is given
directly by Abramovich, equation (5.19) as

To_

= V0.214%0.144m (4-7)
T21

This equation (same as eq. (3-34) was deemed to be simpler than
that presented in the AeroVironment model. Numerically,

the difference between these two methods is less than 0.4% for
values of m between 1 and 3.

In the AeroVironment model, only one approach for

calculating the downwind extent of Region I was presented
This was the first approach (rl approach) described in Appendix
D. After consideration of this approach, it was realized that
the second approach (r, approach) descrlbed in Appendix D was
equally plausible from“a physical phenomenological point of view,
but the r, approach gave much different results. This paradox
prompted %he 1nvest1gat10n of other approaches, and the seven
approaches outlined in Appendix D resulted. The approach which
was eventually chosen was not the approach originally pre-
sented in the AeroVironment model. The reader is referred

to Appendix D for the description of the AeroVironment ap-
proach and the six other approaches considered.

4.4 Wake Growth in Region III

The AeroVironment model attempted to simplify the
calculation of wake growth in Region III in order to circum-
vent the necessity of the numerical integration in Region III.
The basic idea by which the calculation procedure was to be
simplified was to perform the numerical integration externally
to the wake program for different sets of values of a and m.

The numerical integration was performed over an interval of x

of 10r, beginning with the wake radius Thos which is a function

of m only. Once the wake radius was knowii at the beginning

and end of Region III, the effective ambient turbulence was
defined as that ambient turbulence which alone would give the same
wake growth in Region III as the combination of mechanical
turbulence and ambient turbulence had given in Region III by

the numerical integration. For example, for m = 3 and a = 0.1,

T, = 1.414 (4-8)
r,, = 1.988 (4-9)
xy = 5.488 (4-10)
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The downwind extent of Region III is 10r0 or at

X = xN+10r0 = 19.63 (4-11)

From the numerical integration of equations (3-57) through
(3-62), r, = 3.43 at x = 18.42, and r, = 3.57 at x = 19.83.
By linear”interpolation, r, = 3.55 at"x = 19.63. Therefore,
in Region III

dr2 3.55-1.99
a, =|— = = 0.1088 (4-12)
dx /avg 19.83-5.49

Therefore, for m = 3 and a = 0.1, the effective growth rate
in Region III is ag = 0.1088.

In the AeroVironment model, the numerical ingetration
was conducted external to the main wake computer program.
Plots of a_, as a function of o were generated for several
selected vdlues of m, and a_ was an input paramter for the
wake computer program. In Region III, the wake growth rate was
assumed to be constant at a value of o . In Region IV (downwind
of Region III), the wake growth rate wls assumed to be constant
at a value of a. That is, downwind of x = x4+10r,, the wake
growth was assumed to be due to ambient turbiulence alone with
no contribution to wake growth due to mechanical turbulence.
In this discussion, the definition of o used in this report is
the growth rate of the wake radius due to ambient turbulence.
In the AeroVironment report, o was defined slightly differently,
and the growth rate of the wake radius due to ambient turbulence
is shown in the AeroVironment report as oa/0.51.

The method used in the AeroVironment report is reasonably
accurate, acsept for low values of ambient turbulence. At low
values of ambient turbulence (a<0.1), there is still a sig-
nificant value of wake growth due to mechanical turbulence down-
wind of x = x,*+10r,. Also, it was deemed appropriate that the
model should assume the exact form of the Abramovich solution
for o = 0. The AeroVironment model does not do that since the
wake growth rate in Region IV goes to zero for o = 0. For these
reasons, in the revised model, the numerical integration of
equations (3-57) through (3-62) was made an integral part of
the model.
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5.0 SAMPLE PLOTS

This section contains sample plots made with the turbine
wake computer program. The plots were made from seventeen
runs of the program. Illustrated in this section are the in-
put of parameters for the computer program and the output ob-
tained. The first part of this section presents complete sets
of plots from the computer program. These figures include
plots of the Abramovich solutions (i.e., no ambient turbulence).
The second part of this section shows the effect of changes
in wake variables on wake recovery. Results are presented
for changes in ambient turbulence factor; power law exponent,
height of the axis of the turbine rotor, and initial veloc-
ity ratio.

5.1 Wake Plots
Abramovich solutions. - Initially, it was desired to ob-

tain plots for the Abramovich solution for the coflowing jet
(o = 0). The input parameters are shown below.

VALUES OF INPUT PARAMETERS FOR TURBINE WAKE PLOTS
FOR ABRAMOVICH SOLUTION

ST = 0.0 J =5
CPM = 1.5 10 = 1
AH = 50, NP = 0
VHO = 1.0 XNPT = 5, 10,, 20,, 35, 50.
WEXP = 0. Z0 = 48.5
RRR = 1.0 DZZ = 0.5
DYY = 0.05

The input value, ST = 0.0, makes the ambient turbulence
zero. The value of CPM = 1.5 was chosen as a typical value
for large wind turbines. The value AH = 50. was used to
make the wake isolated from the ground effect. VHO = l.was used
to make all wind speed plots normalized by the free stream
wind speed. The power law exponent, WEXP = 0, gives no variation
in free stream wind speed with altitude. The rotor radius,
RRR = 1.0 gives all geometric output in rotor radii. J =5
indicates five downwind locations at which wind speed p?oflles
are to be calculated. IO = 1 indicates that geomteric input
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is in rotor radii. NP = 0 indicates that the wind speed
profiles are to be normalized by the free stream wind speed
at the altitude of the profile. The values of downwind
location at which wind speed profiles are to be generated

are defined by XNPT(j) = 5, 10, 20, 35, and 50. For the

wind speed profiles, Z0 = 48.5, and DZZ = 0.5. The altitudes
at which the wind speed profiles are to be calculated are

z; = 24 * ibz i=0, .. ., 7 (5-1)
Therefore, the altitudes of the lateral wind speed profiles are
48.5, 49.0, 49.5, 50.0, 50.5, 51.0, 51.5, and 52.0. Since

h = 50. for the 1nput Values of z and Az, the fourth wind
speed profile is at the hub altitude. The second wind speed
profile is at the lower edge of the turbine disk, and the

sixth wind speed profile is at the upper edge of the turbine
disk. The value, DYY = 0.05, indicates that calculations are
made at intervals of 0.05 rotor radii.

Figure 5-1 shows the set of computer-generated plots for
the set of input data shown in the preceding table. The first
plot shows the wake radius and the wake width as a function
of the downwind coordinate, x. Since the wake is not near
the ground, the wake height above the ground is not shown.

The first plot also lists the important wake parameters for
the set of plots. The second plot shows Auc as a function of
X, and the third plot shows U./U, as a function of x. The
fourth plot shows the varlatlon of turbine power factor. Since
the turbine power factor is undefined in Regions I and II, the
plot is shown downwind of xy .only. The fifth through the
ninth plots show the lateral wind speed profiles for the down-
wind locations shown in the table. The altitude of each pro-
file is shown in rotor radii relative to the turbine hub.
Since the wake is far from the ground, the vertical wind speed
profile at y = 0 1is symmetrical to the lateral profile at

Zy = Rg. It was, therefore, not shown.

Figure 5-2 shows a set of similar plots for m = 2.0, and
figure 5-3 shows the values for m = 3.0. The first plots of
each of figures 5-1, 5-2, and 5-3 is similar to the plots given
by Abramovich in figure 5.17 of reference 2. The second plot
in each of these figures is similar to figure 5.20 in refer-
ence 2. In the Abramovich plots, the geometric parameters
are normalized by the initial wake radius, Rp. In figures
5-1, 5-2, and 5-3, the geometric parameters are normalized by
the turbine dish radius, Rq. The relationship between Rg
and Rg 1is given by equation (3-18).
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Wakes in ground effect. - The input parameters for the
wake in ground effect are listed below. The hub of the tur-
bine is 1.35 rotor radii above the ground. This is typical of
very large wind turbines. The first lateral wind speed pro-
file (i = 0; zg = 0.35) is at the lower edge of the turbine
disk, and the third lateral wind speed profile (i = 2) is at
the rotor hub.

VALUES OF INPUT PARAMETERS FOR TURBINE WAKE PLOTS
FOR WAKE IN GROUND EFFECT

ST = 0.0 J =35
CPM = 1.5 10 = 1
AH = 1.35 NP = 0
VHO = 1.0 XNPT(j) = 5, 10, 20., 35., 50,
WEXP = 0.15 20 = 0.35
RRR = 1.0 DZZ = 0.5
DYY = 0.05

Figure 5-4 shows the set of wake plots for the input data
shown above. Since the wake is near the ground, the height
of the top of the wake above the ground is also shown in the
first plot, and a vertical wind speed profile plot is included.
In the plot of the vertical wind speed profiles, the solid
line going across the plot is the wake center. The short
horizontal lines at the left of the plot are the bottom and
top of the turbine disk.

In the plot of the normalized wake boundaries (Fig. 5-4(1)),
the point at which the wake radius equals ha’ the height of the
rotor hub above the ground, is the point at®which the wake

intersects the ground plane. Initially, the effect of the ground

plane affects only the lower part of the wake, but it can spread
to affect the wake center, although the magnitude of the effect
at the wake center is negligibly small because of the large wake
radius (and correspondingly small wid speed deficit) necessary
for the effect of the ground plane to reach the wake center.

It is recalled from the development of the turbine power factor
that the turbine power factor does not include the effect ot the
ground plane.
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The effect of the ground on the wind speed profiles is
seen by comparing the wind speed profiles for x = 50 from
Figures 5-1 and 5-4. In Figure 5-1, the profiles for altitudes
of -1.0 and 1.0 rotor radii from the rotor hub are identical
because of the symmetry of the wake. However, because of the
ground effect, the wind speed profiles at altitudes of -1.0 and
1.0 rotor radii relative to the hub are not identical in Figure
5-4. The lower altitude exhibits a lower wind speed in the wake
because of the ground effect. At x = 50, it is only the
lowest altitude which has been affected by the ground. As the
wake expands further, the effect of the ground affects the wind
speed profiles of higher altitudes. This is seen in later plots
where ambient turbulence causes faster expansion of the wake.

For all of the previous figures, there is no ambient
turbulence. Figure 5-5 shows a plot set for ambient turbulence
represented by Pasquill stability class E. The data input
is identical with that shown in the table, except that ST = -5,
for Pasquill stability class E. From Table 3-4 and equation
(3-28), the wake growth rate due to ambient turbulence is
o = 0.099.

Figure 5-6 shows a plot set for Pasquill stability class
D (ST -4). The wake growth rate due to ambient turbulence
is a 0.136. Figure 5-7 shows a plot set for Pasquill sta-
bility class C (ST = -3). The wake growth rate due to ambient
turbulence is o« = 0.205.

5.2 Effect of Principal Wake Parameters

In the following discussion, the effect of the principal
wake parameters upon the wake is investigated. The parameters
which are varied are the ambient turbulence as represented by
the Pasquill stability class; the initial velocity ratio, m;
the height of the rotor hub, h,; and the power law coefficient
of the free stream wind speed profile, vy.

Effect of ambient turbulence. - Figure 5-8 shows the
effect of ambient turbulence on the wake radius. Figure 5-8
is a composite of the wake radius as shown in the first plot
of Figures 5-4 through 5-7. Figure 5-9 shows the effect of
ambient turbulence of Auc. Figure 5-10 shows the effect of
ambient turbulence on UC7Um. Figure 5-11 shows the effect of
ambient turbulence on the turbine power factor. It is seen
that ambient turbulence is a very important factor in the
recovery of wakes of large wind turbines. From Table 3-3,
it is recalled that most turbine operation occurs with Pasquill
stability class D, and Pasquill class D represents the ambient
turbulence level to which inter-turbine spacing should be
designed.
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The turbine power factor is the most significant indicator
of wake recovery. From Figure 5-11, for Pasquill stability
class D, the turbine power factor is approximately 0.9 at a
distance of 35 rotor radii downwind of the turbine. While the
ambient turbulence has a significant impact on the growth in
the wake radius, its impact on the turbine power factor is not
great. For comparison with the 0.90 power factor for Pasquill
stability class D, the turbine power factor is 0.85 for Pasquill
stability class E and 0.95 for Pasquill stability class C at
35 rotor radii downwind of the turbine.

It is clear that a point of diminishing returns is reached
in the re-energization of the turbine wake. From Figure 3-7,
for m = 1.5, a turbine power factor of 0.9 is reached at r, = 5.4
Figures 5-8 and 5-11 confirm this number since Figure 5-11
shows that P = 0.9 at approximately x = 34 for Pasquill stability
class D, and Figure 5-8 shows that T, =:5.4at x = 34 for Pasquill
stability class D. From Figure 3-7,“the turbine power factor
reaches a value of 0.95at wake radius, r, £ 8. From extrap-
olation of the wake radius for Pasquill Stability class D in
Figure 5-8, a wake radius of 8 occurs at x = 56. Thus, a
distance of 35 wake radii is required for recovery from the
initial wake to a turbine power factor of 0.9, and an additional
distance of 21 rotor radii is required for recovery from 0.90
to 0.95 for the turbine power factor. Certainly, power recovery
is very much slower after the turbine power factor reaches
0.9 than it is before it reaches 0.9.

For the far wake, Figure 3-7 is essentially a plot of
turbine power factor as a function of downwind distance since
the wake radius is a straight 1line function of the downwind
coordinate, x. In the far wake, the wake growth rate is
almnost entirely due to ambient turbulence with very little
contribution from mechanical turbulence. For Pasquill
stability class D, a scaling factor of 1/0.136 should be applied
to the wake radius axis of Figure 3-7 to convert it to distance
downwind of the turbine since the wake growth rate due to
ambient turbulence is 0.136 for Pasquill stability class D.
Interpreting Figure 3-7 in this way shows that a very large
downwind distance is required for recovery of the last few
percentage points for the turbine power factor. In practice,
recovery to very high values of turbine power factor may be im-
practical because of the large additional distances required.

Effect of initial velocity ratio. - Figure 5-12 shows
the effect of the initial velocity ratio, m, upon the wake
radius. Figure 5-13 shows the effect of m upon Auc. Figure
5-14 shows the effect of m upon Uc/U,, and Figure 5-15 shows
the effect of m upon the turbine power factor.
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The initial velocity ratio has almost no effect upon
the wake radius. The downwind extent of Region II, Xy» is
almost totally unaffected by m. This is shown in Figures
5-13, 5-14, and 5-15. Figure 5-13 shows the relative wind
speed deficit (i.e., the wind speed deficit at the wake center
normalized by the wind speed deficit at the center of the
initial wake). This relative wind speed deficit is not a
strong function of m. However, because the wind speed
deficit of the initial wake is much larger for a large value
of m (by definition of m), the normalized wind speed at
the wake center (as shown in Figure 5-14) strongly depends
on m. Correspondingely, the turbine power factor shown in
Figure 5-15 is a strong function of m. For the larger values
of m, more power is extracted by each wind turbine (cf.
equations (3-9) and 3-11)), but the inter-turbine recovery
of the wdke requires more space. The lines shown in Figure
5-15 approximate the cube of the lines shown in Figure 5-14.

Effect of turbine rotor height. - The wind speed profile
plots are the only plots which show the effect of the ground
on the wake. The ground effect can be seen best from the
vertical wind speed profiles with v = 0 (i.e., no variation
in the free stream wind speed with altitude). Figures 5-16,
5-17, and 5-18 show the vertical wind speed profiles for
values of ha of 1.2, 1.35, and 1.65, respectively.

In the near wake (x = 5 and x = 10), the wake is
approximately symmetric for ha = 1.35 and h_ = 1.65. For
the far wake (x = 20, x = 35,7and x = 50) the wake is clearly
not symmetric for all values of h_. The effect of the ground
upon the wind speed profiles can Be clearly seen by comparing
the profiles for x = 20 from the three plots. The retarding
effect of the ground is clearly evident. For comparison,
Figures 5-19, 5-20, and 5-21 show the same data as Figures
5-16, 5-17, and 5-18, but with a power law coefficient, v,
of 0.15.

Effect of the power law coefficient. - The power law
exponent, y, only affects the vertical wind speed profile.
It can be seen on the vertical wind speed profile and on the
lateral wind speed profile (if NP = 1 so that the wind speed
in the wake is normalized by the free stream wind speed at
the hub altitude). The effect of Y on the vertical wind
speed profile may be seen by comparing Figures 5-13, 5-20, and
5-22. The value, vy = 0.25 in Figure 5-22 represents a
very turbulent lower atmosphere.
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(2). NORMALIZED WIND SPEED DEFICIT
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(4). TURBINE POWER FACTOR
FOR AN UNBOUNDED WAKE
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( 5). LATERAL WIND SPEED PROFILE
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( 6). LATERAL WIND SPEED PROFILE
AT X/Rq = 1000
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( 7). LATERAL WIND SPEED PROFILE
AT X/Rq = 20.00
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( 8). LATERAL WIND SPEED PROFILE
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( 9). LATERAL WIND SPEED PROFILE
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(1). NORMALIZED WAKE BOUNDARIES
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(2). NORMALIZED WIND SPEED DEFICIT
AT THE WAKE CENTER
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Figure 5-2. Wake plots for Abramovich solution for m = 2.0
(continued).
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(3). NORMALIZED WIND SPEED
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Figure 5-2. Wake plots for Abramovich solution for m = 2.0
(continued).
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(4). TURBINEL POWER FACTOR
FOR AN UNBOUNDED WAKE
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(continued).
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( 5). LATERAL WIND SPEED PROFILE
AT X/R3 = 500
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Figure 5-2. Wake plots for Abramovich solution for m = 2.0
(continued).
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( 6). LATERAL WIND SPEED PROFILE
AT X/R4 = 1000
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Figure 5-2. Wake plots for Abramovich solution for m = 2.0
(continued).
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( 7). LATERAL WIND SPEED PROFILE
AT X/Rq = 20.00
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( 8). LATERAL WIND SPEED PROFILE
AT X/Rq = 35.00
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Figure 5-2. Wake plots for Abramovich solution for m = 2.0
(continued).
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( 9). LATERAL WIND SPEED PROFILE
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(1). NORMALIZED WAKE BOUNDARIES
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(2). NORMALIZED WIND SPEED DEFICIT
AT THE WAKE CENTER
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(continued).



81

(3). NORMALIZED WIND SPEED
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(4). TURBINE POWER FACTOR
FOR AN UNBOUNDED WAKE
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Figure 5-3. Wake plots for Abramovich solution for m = 2.5
(continued).
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( 5). LATERAL WIND SPEED PROFILE
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(continued).
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( 7). LATERAL WIND SPEED PROFILE
AT X/Rq = 20.00
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Figure 5-3. Wake plots for Abramovich solution for m = 2.5
(continued).
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( 8). LATERAL WIND SPEED PROFILE
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Figure 5-3. Wake plots for Abramovich solution for m = 2.5
(continued).
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( 9). LATERAL WIND SPEED PROFILE
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Figure 5-3. Wake plots for Abramovich solution for m = 2.5
(concluded).
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(1). NORMALIZED WAKE BOUNDARIES
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(2). NORMALIZED WIND SPEED DEFICIT
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(3). NORMALIZED WIND SPEED
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Figure 5-4. Wake plots for wake in ground effect with no
ambient turbulence (continued).
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(4). TURBINE POWER FACTOR
FOR AN UNBOUNDED WAKE
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Figure 5-4. Wake plots for wake in ground effect with no
ambient turbulence (continued).
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( 5). LATERAL WIND SPEED PROFILE
AT X/Rq = 500
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Figure 5-4. Wake plots for wake in ground effect with no
ambient turbulence (continued).
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( 6). LATERAL WIND SPEED PROFILE
AT X/Rq = 10.00

10
[ut
&
(a8
o
[AS]
[92]

038 X
\
’—l
S
-
o

04
1

WIND SPEED, U/U,
0.8
1

02

1

00

T T J T T —/
00 10 20 30 40 50 60

LATERAL COORDINATE , Y/Ry

Figure 5-4. Wake plots for wake in ground effect with no
ambient turbulence (continued).
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( 7). LATERAL WIND SPEED PROFILE
AT X/Rq = 2000
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Figure 5-4. Wake plots for wake in ground effect with no
ambient turbulence (continued).
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( 8). LATERAL WIND SPEED PROFILE
AT X/Rq = 3500
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Figure 5-4. Wake plots for wake in ground effect with no
ambient turbulence (continued).
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( 9). LATERAL WIND SPEED PROFILE
AT X/Rq = 50.00

10
N
=
N
n

A

08

1
]
e ("
o o v

-0.5, 0.5

WIND SPEED, U/U_
0.4 QG

az

1

Q.0

T J T T T 1
00 10 20 30 40 6.0 60

LATERAL COORDINATE , Y/Ry

Figure 5-4. Wake plots for wake in ground effect with no
ambient turbulence (continued).
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(1). NORMALIZED WAKE BOUNDARI
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(2). NORMALIZED WIND SPEED DEFICIT
AT THE WAKE CENTER
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100

(3). NORNALIZED WIND SPEED
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(4). TURBINE POWER FACTOR
FOR AN UNBOUNDED WAKE
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Figure 5-5. Wake plots for wake in ground effect for Pasquill
: stability class E (continued).
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( 5). LATERAL WIND SPEED PROFILE
AT X/Rq = 500
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Figure 5-5. Wake plots for wake in ground effect for Pasquill

stability class E (continued).
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( 6). LATERAL WIND SPEED PROFILE
AT X/Rq = 10.00
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Figure 5-5. Wake plots for wake in ground effect for Pasquill
stability class E (continued).
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( 7). LATERAL WIND SPEED PROFILE
AT X/Rq = 2000
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Figure 5-5. Wake plots for wake in ground effect for Pasquill

stability class E (continued).
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8). LATERAL WIND SPEED PROFILE
AT X/Rq = 3500
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Figure 5-5, Wake plots for wake in ground effect for Pasquill

stability class E (continued).
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( 9). LATERAL WIND SPEED PROFILE
AT X/Rq = 5000
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Figure 5-5. Wake plots for wake in ground effect for Pasquill
stability class E (continued).
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(10). VERTICAL WIND SPEED PROFILES
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(2). NORMALIZED WIND SPEED DEFICIT
AT THE WAKE CENTER
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Figure 5-6. Wake plots for wake in ground effect for Pasquill

stability class D (continued).
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(3). NORMALIZED WIND SPEED
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Figure 5-6. Wake plots for wake in ground effect for Pasquill

stability class D (continued).
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(4). TURBINE POWER FACTOR
FOR AN UNBOUNDED WAKE
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Figure 5-6. Wake plots for wake in ground effect for Pasquill

stability class D (continued).
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( 5). LATERAL WIND SPEED PROFILE

AT X/Rd = 500
Altitude of wind speed profile in
i rotor radii relative to the wake center
' 2.0, 2.5
1.5

Q i
:)8 /5//
S“o"— /\\—-1.0, 1.0

. ~/// -0.5, 0.5

=
£ o 0.0
A
n
A -
Z S
fd
=

)

o-—l

Q

e T T T T T 1

0.0 10 20 30 4.0 5.0 6.0
LATERAL COORDINATE , Y/Rd
Figure 5-6. Wake plots for wake in ground effect for Pasquill

stability class D (continued).
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( 8). LATERAL WIND SPEED PROFILE
AT X/Rq = 10.00
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Figure 5-6. Wake plots for wake in ground effect for Pasquill

stability class D (continued).
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( 7). LATERAL WIND SPEED PROFILE
AT X/Rq = 20.00
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Figure 5-6. Wake plots for wake in ground effect for Pasquill
stability class D (continued).
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( 8). LATERAL WIND SPEED PROFILE
AT X/Rgq = 35.00
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Figure 5-6. Wake plots for wake in ground effect for Pasquill
stability class D (continued).
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( 9). LATERAL WIND SPEED PROFILE
AT X/Rq = 50.00
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Figure 5-6. Wake plots for wake in ground effect for Pasquill

stability class D (continued).
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(2). NORMALIZED WIND SPEED DEFICIT
AT THE WAKE CENTER
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Figure 5-7. Wake plots for wake in ground effect for Pasquill
stability class C (continued).
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(3). NORNALIZED WIND SPEED
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Figure 5-7. Wake plots for wake in ground effect for Pasquill

stability class C (continued).
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(4). TURBINE POWER FACTOR
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Figure 5-7. Wake plots for wake in ground effect for Pasquill

stability class C (continued).
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( 5). LATERAL WIND SPEED PROFILE
AT X/Rq = 500
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Figure 5-7. Wake plots for wake in ground effect for Pasquill

stability class C (continued).
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( 6). LATERAL WIND SPEED PROFILE
AT X/Rq = 10.00
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Figure 5-7. Wake plots for wake in ground effect for Pasquill

stability class C (continued).
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( 7). LATERAL WIND SPEED PROFILE
AT X/Rq = 20.00
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Figure 5-7. Wake plots for wake in ground effect for Pasquill
stability class C (continued).



125

( 8). LATERAL WIND SPEED PROFILE
AT X/Rq = 35.00
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Figure 5-7. Wake plots for wake in ground effect for Pasquill
stability class C (continued).
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( 9). LATERAL WIND SPEED PROFILE
AT X/Rg = 50.00
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Figure 5-7. Wake plots for wake in ground effect for Pasquill
stability class C (continued).
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(10). VERTICAL WIND SPEED PROFILES
AT WAKE CENTER
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6.0 CONCLUDING REMARKS

An analytic model for the calculation of the recovery of
wakes of large wind turbines has been developed. The model is
based upon the theory of coflowing turbulent jets as developed
by G. N. Abramovich. The Abramovich model has been modified
to relate turbine parameters to the wake parameters used by
Abramovich, to add the effects of ambient turbulence to the model,
and to calculate the turbine power factor, which is defined as
the ratio of the power which a turbine in the wake of another
turbine would generate the power which the turbine would generate
if it were in the free stream air flow. The theory for the dis-
persion of pollutants in a turbulent atmosphere as developed
by F. Pasquill has been adapted to describe wake growth due to
ambient turbulence, and the methods used by P. B. S. Lissaman
have been used to combine the effects of wake growth as de-
scribed by the Abramovich model with wake growth due to ambient
turbulence.

This approach is currently considered to be the most ap-
propriate approach for an analytical model of turbine wake re-
covery. However, several intrinsic uncertainties about the model
remain. A numberical approach (e.g., finite difference inte-
gration of the three-dimensional Navier-Stokes equations) could
be used. However, it is not considered appropriate, because
comparable gross uncertainties would exist for this approach
(e.g., magnitude of the turbulent fluctuations) and large costs
would be incurred to generate solutions. Any further work on
the model might best be directed toward expansions or refine-
ments of factors within the existing formulation.

The literature has shown only very limited experimental
evaluation of the model. Comparisons of computer results with
experimental data are therefore, very much desired to establish
the adequacy of the model and to resolve the questions involved.
However, it is recognized that extensive data from full scale
turbines are very difficult to obtain. An attempt to obtain
such data is described in the companion report on the second
(experimental) phase of the research program conducted by Lock-
heed. Wind turbine model tests in wind tunnels may also be of
use in validating some aspects of the model formulation. Al-
though it would be almost impossible to duplicate the Reynolds
number and geometry of an actual turbine in the wind tunnel,
meaningful applicable results could be obtained. In another
approach, the computer program may be used to determine the
sensitivity of the final results to the factors in question.
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Appendix A
LIST OF SYMBOLS

This appendix contains a list of symbols used in the
development of the analytic model. Where appropriate,
variable names used in the FORTRAN computer program are
also listed. The equation number, figure number, or table
number following the definition is the equation, figure,
or table where the parameter is defined or first used in
the description of the analytic model.

A few parameters used in the deriviation have been
omitted from this 1list. They are omitted if they are of
minor importance and are used for only two or three successive
equations in the derivation so that the location of their
definition in the text is never in doubt.

Computer
Symbo1l Symbol Definition

A Cross-sectional area of the turbine
disk. Equation (3-1).

A, Free stream cross-sectional area
of the stream tube which. passses
through the turbine disk. Equation
(3-64).

a Axial induction factor for the
turbine. Equation (3-7).

B B Parameter used for the derivation
of the turbine power factor.
Equation (3-75).

b Full width of the boundary layer
in region I. Equation (3-36).

b1,bs Partial widths of the boundary
layer in region I. Figure 3-5.

o Growth rate of the boundary layer
in region I. Equation (3-59).

Hy AH Hub altitude of the turbine in

- physical units. Table 3-2.
ha AH ‘ Hub altitude of the turbine nor-

malized by the rotor radius.
Table 3-2.



Computer
Symbol Symbol
h AH
I I0
i
J J
K
m CPM
i
n AN
P
P(XJ
P PR
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Definition

Height of the top of the wake above
the ground. Equation (3-80).

Input parameter which specifies
whether geometric input parameters
are in physical units or normalized
by the rotor radius. Table 3-2.

Index to define altitude of lateral
wind speed profile. Equation (5-1).

Number of downwind locations at
which wind speed profiles are to be
calculated. Table 3-2.

Constant used in derivation of the
turbine power factor. Equation
(3-64).

Ratio of the free stream wind speed
to the initial wind speed in the
wake (after expansion by potential
effects to wake radius, RO).
Equation (3-9).

Mass flow rate of air passing
through the turbine disk. Equation
(3-1).

Ratio of the downwind extent of
Region II to the downwind extent
of Region I. Equation (3-47).

Power extracted from the air by
the turbine. Equation (3-63).

Power extracted from the air by
a turbine in the free stream.
Equation (3-10).

Turbine power factor, which is the
ratio of power extracted by a tur-
bine in the wake of another turbine
to the power which an identical
turbine would extract in the free
stream flow. Equation (3-63).
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22

Computer

Symbol

RRR

R2ZSAV

RO
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Definition

Static pressure on the upwind
side of the turbine. Equation
(3-2).

Static pressure on the downwind
side of the turbine. Equation
(3-2).

Ambient static pressure. Equation
(3-3).

Radial coordinate in physical units.

Radius of the turbine rotor disk.
Figure 3-1.

Initial wake radius in physical
units. Figure 3-1.

Radius of the potential core in
Region I. Figure 3-1.

Wake radius in physical units.
Figure 3-1.

Wake radius at the end of Region
I in physical units. Figure 3-1.

Wake radius at the end of Region II
in physical units. Figure 3-1.

Free stream radius of the stream
tube which passes through the
turbine disk. Figure 3-6.

Radial coordinate normalized by the
turbine disk radius.

Wake radius at the jth downwind
location at which wind speed profiles
are to be plotted. Equation (3-84).

Initial wake radius normalized by
the turbine disk radius. Equation
(3-18).



Ar

Computer
Symbol
R1

R2

R2P

R21

R22

RI

DR
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Definition

Radius of the potential core in
Region I normalized by the turbine
disk radius. Equation (3-36).

Wake radius normalized by the
turbine disk radius. Equation
(3-24).

Incremented value of R2Z used in
numerical inetgration for Region
ITI. Discussion preceeding
Equation (3-51).

Wake radius at the end of Region I
normalized by the turbine disk
radius. Equation (3-34).

Wake radius at the end of Region II
normalized by the turbine disk
radius. Equation (3-50).

Free stream radius (normalized by
the turbine disk radius) of the
stream tube which passes through
the turbine disk. Equation (3-67).

Increment of r used for numerical
integration in Region III.
Equation (3-62).

Axial thrust on the turbine disk.
Equation (3-1).

Local wind speed in the wake.
Equation (3-32).

Wind speed at the center of the
wake. Equation (3-81).

Wind speed of the air passing
through the turbine disk. Equation
(3-1).

Initial wind speed of the wake (after

expansion to wake radius, RO).
Equation (3-1).
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Computer
Symbol Symbol Definition

U Free stream wind speed. Equation
(3-1).

AU Wind speed deficit at the center
of the wake in physical units.
Equation (3-53).

Au Wind speed deficit in the wake
normalized by the initial wind
speed deficit. Equation (3-22).

u Wind speed at the center of the
wake normalized by the free stream
wind speed. Equation (3-82).

Au buc Wind speed deficit at the center

of the wake normalized by the initial
wind speed deficit at the center

of the wake. Equation (3-22).

u UB Wind speed in the wake normalized
by the free stream wind speed.
Equation (3-73).

u* UBG Wind speed in the wake normalized
by the free stream wind speed and
calculated for the image turbine.
Equation (3-96).

w Wake width normalized by the rotor
radius. Equation (3-79).

X Coordinate distance measured down-
wind from the turbine in physical
units.

di XNPT Downwind location at which wind
J speed profiles are to be calculated.
Table 3-2.
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Ay

Computer

Symbol

XP

XH

XHM

XNPT

DYY

DYY
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Definition

Downwind extent of Region I in
physical units. Figure 3-1.

Downwind extent of Region II in
physical units. Figure 3-1.

Coordinate distance measured
downwind from the turbine,
normalized by the turbine disk
radius. Equation (3-20).

Incremented value of x used
during the numerical integration
in Region III. Equation (3-62).

Downwind extent of Region I
normalized by the turbine disk
radius. Equation (3-39).

Downwind extent of Region I from
Abramovich solution normalized
by the turbine disk radius.
Equation (3-47).

Downwind location at which wind
speed profiles are to be calculated,
normalized by the rotor radius.
Equation (3-83).

Lateral coordinate measured from
the vertical center of the wake
in physical units.

Increment in the lateral coordinate
used in generating the wake profile.
in physical units. Table 3-2.

Increment in the lateral coordinate
used in generating the wake profile,
normalized by the turbine rotor
radius. Table 3-2.

Vertical coordinate measured
positive upward from the ground
in physical units.
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Computer
Symbol Symbol Definition
Symbo L _oymbol Zerinition

z Z Vertical coordinated normalized
by the turbine rotor radius.

z,, ZVAL Altitude relative to the turbine
hub, normalized by the rotor
radius. Equation (3-85).

ZO Z0 Altitude of the lowest wind speed
profile in physical units. Table 3-2.

AZ DZZ Altitude increment between
successive wind speed profiles-
in physical units. Table 3-2.

Az DZZ Altitude increment between
successive wind speed profiles
normalized by the rotor radius.
Table 3-2.

o ALPHA Wake growth rate due to ambient
turbulence. Equation (3-28).

Y Exponent for the power law wind
speed profile. Table 3-2.

AKE Change in kinetic energy of the
air passing through the turbine.
Equation (3-10).

n N Non-dimentional radial parameter
used in Region I. Equation (3-33).

0 Mass density of ambient air.
Equation 3-1.

o] Pollution dispersion coefficient
from plume theory. Equation (3-19).

Og ST Standard deviation of wind direction

in the ambient air. Table 3-2.
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Appendix B
PROGRAM LISTING

The following pages contain a listing of the FORTRAN computer
program used to calculate turbine wake progerties and to generate
plots of wake properties. Comments in the program listing
describe the sequence of calculations. Equation numbers given
in the listing give the equation numbers in the text of this

report.

The main program is listed first with suboutines following.
Subroutine R3 calculates the wind speed deficit parameter, Au_;
the wake growth rate due to mechanical turbulence, (dr /dx)m;C
and the turbine power factor, P, in Region III. Subrotitine
CALCU is used to calculate the wind speed profiles. The
remaining suboutines are plotting suboutines used to generate
appropriate plots. Subroutine XVSR2 is used to plot wake
boundary parameters as a function of the downwind coordinate, x.
Subroutine XVSDUC is used to plot the wind speed deficit
parameter, Au_, as a function of x. Subroutine XVSUB is used
to plot the wind speed at the wake center as a function of x.
Subroutine XVSPR is used to plot the turbine power factor, P,
as a function of x. Subroutine YVSUBR is used to generate
the plots for the lateral wind speed profiles. Subroutine
UVSZ is used to generate the plots for the vertical wind

speed profiles.
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TITLE & UAKE
AUTHORS ¢ DR. U. EBERLE
. A. C. SCOPPA
LOCKHEED MISSILES AND SPACE CO.

DATE 8 UINTER, 1981

THIS PROGRAM CALCULATES UAKE PARAMETERS FOR THE RECOVERY

OF UAKES OF .LARGE UIND TURBINES. THE PROGRAM PLOTS WAKE
RADIUS, UAKE UIDTH, WAKE ALTITUDE, THE UIND SPEED DEFICIT

AT THE CENTER OF THE UAKE, THE UIND SPEED AT THE CENTER

OF THE UAKE, AND THE TURBINE POUER FACTOR AS FUMCTIONS OF
THE DISTANCE DOUNUWIND OF THE TURBINE. IN ADDITION, WIND SPEED
PROFILES OF THE UIND SPEED AS A FUNCTION OF THE LATERAL
COORDINATE ARE PLOTTED FOR EIGHT ALTITUDES FOR EACH DOUNWIND
LOCATION SELECTED BY THE USER, A VERTICAL WIND SPEED PROFILE
IS GENERATED FOR EACH DOWUNUIND LOCATION SELECTED FOR PLOTS OF
OF LATERAL VIND SPEED PROFILES.

ST - ATMOSPHERIC TURBULENCE PARAMATER. IF INPUT AS A
POSITIVE NUMBER, IT IS THE STANDARD DEVIATION OF THE
WIND DIRECTION. IF INPUT AS A NEGATIVE NUMBER, IT I§
THE PASQUILL STABILITY CLASS AS FOLLOWS:

-1 FOR PASQUILL STABILITY CLASS A

-2 FOR PASQUILL STABILITY CLASS B

-3 FOR PASQUILL STABILITY CLASS C

-4 FOR PASQUILL STABILITY CLASS D

-5 FOR PASQUILL STABILITY CLASS E

-6 FOR PASQUILL STABILITY CLASS F

IF ST IS INPUT AS 0., AN AMBIENT TURBULENCE OF ZERO
1S USED, AND THE RESULTING PROFILES ARE THE
ABRAMOVICH SOLUTIONS.

cPn - RATIO OF FREE STREAM UIND SPEED TO INITIAL WIND SPEED
IN THE UAKE

AH = HUB HEIGHT IN ROTOR RADII OR IN PHYSICAL UNITS AS
SPECIFIED BV 10

UKo - AMBIENT UIND SPEED AT HUB ALTITUDE . THIS MAY BE CIVEN

IN PHYSICAL UNITS IF OUTPUT IS DESIRED IN PHYSICAL
UNITS . AN INPUT VALUE OF 1.0 UILL GIVE OUTPUT
NORMALIZED BY THE FREE STREAM UIND STREAM.

VEXP - COEFFICIENT OF THE UIND SPEED POWER LAW OF THE FORM
*VeU9S(Z/20)S3UEXP*
RRR

ROTOR RADIUS. THIS MAY BE GIVEN IN PHYSICAL UNITS.
AN INPUT UALUE OF 1.0 UILL GIVE AlLL OUTPUT
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OF UNITS OF LENGTH IN ROTOR RADII. AN INPUT

VALUE OF .S WILL GIVE ALL OUTPUT OF UNITS

OF LENGTH IN ROTOR DIAMETERS. AN INPUT UALUE GREATER
THAN 2.0 UILL GIVE ALL OUTPUT OF UNITS OF LENGTH IN THE
PHYSICAL UNITS USED FOR THE ROTOR RADIUS.

J - NUMBER OF DOUN UIND LOCATIONS AT UHICH WIND
SPEED PROFILES ARE TO BE CALCULATED

10 - INPUT OPTION FOR PARANETERS WITH PHYSICAL DIMENSIONS
(AH,XNPT,20,D2Z,0YY)

1 FOR INPUT IN ROTOR RADII
2 FOR INPUT IN PHYSICAL UNITS

NP - SPECIFIES ROU VELOCITY IS TO BE NORMALIZED FOR
PLOTS OF WIND SPEED PROFILES IN LATERAL DIRECTION.
NP = @ NORMALIZES WIND SPEED BY THE FREE STREAM WIND
SPEED AT THAT ALTITUDE. NP = 1 NORMALIZES UIND SPEED
BY THE FREE STREAM WIND SPEED AT THE HUB ALTITUDE.

XNPT - DOUNWIND LOCATIONS AT WHICH UIND SPEED PROFILES
ARE TO BE CALCULATED (ROTOR RADII OR PHYSICAL UNITS

AS SPECIFIED BY IO

29 - NINIMUN ALTITUDE AT WHICH WIND SPEED PROFILES ARE TO BE
- gﬂtggLATED (ROTOR RADII OR PHYSICAL UNITS AS SPECIFIED

Y )
D22z - INCREMENT IN ALTITUDES AT UHICH WIND SPEED PROFILES ARE

TO BE CALCULATED (ROTOR RADII QR PHYSICAL UNITS RS
SPECIFIED BY IO)

DYY = INCREMENT IN ¥ BY UHICH CALCULATIONS ARE TO BE MADE IN
GENERATING THE WIND SPEED PROFILES (ROTOR RADII OR PHYSICAL

UNITS AS SPECIFIED BY 10)

CONTROL INPUT
RECORD 1 - (SOF10.4)
€6 INPUT UARIABLES]
ST,CPM,AH,VHO, UEXP,RRR

RECORD 2 - (5012)
C3 VARIABLES]
J,I10,NP

RECORD 3 -~ (50F10.4)
CJ UVARIABLES]
XNPT

RECORD 4 - (50F10.4)
L3 VARIABLES]
20,D022,DvY

OUTPUT FILES
ONE DATA SET PER PLOT, NAMING CONVENTION °SUBNAME.DAT®
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RISCELLANEOUS ¢
THE PLOTTING PACKAGE °DISSPLA® MUST BE LIMNKED WITH
"UAKE® BEFORE EXECUTION. THIS PROGRANM
CAM BE RUN "AS IS® USING A PDP-10 COMPILER AND A
TEKTRONIX 4014 EXTENDED GRAPHICS TERMINAL, OTHERUISE
EXTENSIVE MODIFICATIONS WILL BE NECESSARY.

COMMON /SUBCOM/ CPM,AH,RO,R2,DUC,UB,UBG,DRDX,PR,
XN,R22,R21,XH

COMMON /PSCALE/ RRR,VHO

COMMON /CRPA/ICRT, IPAPER

DOUBLE PRECISION INFILE,UFILE

REAL XNPT(20),R25AV(20)

DATA ICRT/1/,FLAG/-99./,6/2.7182818/

DATA IUBAR/’UBAR’/

DETERMINE DATA SET SPECS FOR CONTROL INPUT

FORRATC® ENTER LOGICAL UNIT AND FILE NAME VHERE ",
*"CONTROL INPUT RESIDES 1°)

READ(S5,7)INU, INFILE
FORMAT(IZ2,A8)

OPEN DATA SET CONTAINING CONTROL INPUT

OPEN (UNIT=INU,FILE~INFILE,ACCESS=’SEQIN’,DISPOSE="SAVE’,
DEVICE=’DSK’)

READ IN CONTROL DATA

READ(INU,1@) ST,CPM,AH,VH?,UEXP,RRR
FORMAT(50F10.4)

READ(INU,20) J,IO0, NP
FORMAT(5012)

READ(INU,10) (XNPT(I),le1,J)
READ(INU,190) 20,D2Z,DYY

CALCULATE PARAMETERS IN ROTOR RADII IF THEY HAVE
BEEN INPUT IN PHYSICAL UNITS

IF(.NOT. (IO .EG. 2)) GO TO 25
AH=AH/RRR

EQUATION (3-12)
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Z0-20/RRR
D2Z-D22/RRR

DYY=DYY/RRR
DO 26 1-1,J

XNPT(I)eXNPT(I)/RRR
CONTINUE
CONTINUE

. CALCULATE CONSTANTS

.SET VALUE FOR ALPHA

CONTINUE
IF(ST .GT. 9.)

ALPHA=1.97%8,0313EXX(.08XST)

IF(ABS(ST) .LT. 1.E-1®)
ALPHA=0.
IF(ABS(ST+1.) .LT. 1.E-10)
ALPHA«1.97x.212
IF(ABS(ST+2.) .LT. 1.E-19)
ALPHA=1.97%.156
IF(ABS(ST+3.) .LT. 1.E-10?
ALPHA=1,97%.104
IFCABS(ST+4.) .LT. 1.E-10)
ALPHA=1.97X.069
IF(ABS(ST+5.) .LT. 1.E~-1@)
ALPHA+1.97%.050
IFC(ABS(ST+6.) .LT. 1.E-1®)
ALPHA=1,.97%.034
CONTINUE

SET VALUE FOR RADIUS CHANGE
DR=.02 °

156

EQUATION (3-13)
EQUATION (3-14)
EQUATION (3-15)

EQUATION (3-83)

EQUATION (3-28)

CALCULATE INITIAL UAKE RADIUS IN ROTOR RADII

RO=SART((CPM+1.)/2.)

EQUATION (3-18)

CALCULATE UAKE RADIUS AT END OF REGION I

R21°R0/SQRT(,.214+.144%CPN)

EQUATION (3-34)

CALCULATE DOUNUIND EXTENT OF REGION 1 BY ABRAMOUICH

EQUATION (3-36)
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XHMeROX(1.+CPN)/
(.27%(CPM-1)XSORT(.214+,.1443CPM))

CALCULATE DOUNUIND EXTENT OF REGION I IN PRESENCE OF
AMBIENT TURBULENCE

XH*0.5XR21/SQRT((0.5IR21/XHM ) X23+ALPHASR2)
CALCULATE UAKE PARAMETER AT THE END OF REGION II

EQUATION (3-47)
AN=SQRT(,214+.1443CPM)2
(1.-50RT(.134+,.1242CPN))/
((1.~SQRT(.214+.1443CPM))X
SQRT(.134+.124%CPM))

XN=ANIXH

R22+*RG+ANX(R21-RO)
XeXN

R2=R22

CALL R3

CONTINUE

SAVE UALUES OF UAKE RADIUS AT INPUT VALUES OF
XNPT{I) FOR THE XNPT(I) WHICH LIES IN REGIONS I OR III

DO S5 I-=4,J
IF(.NOT. (XNPT(I) .LE. XN)3 GO TO S4
EQUATION (3-84)

R2SAV(I }=RO+(R22-RO)IXXNPT(I)/XN
CONTINUE
CONTINUE

EQUATION (3-46)
EQUATION (3-48)

CREATE FIRST SET OF PLOT FILES FOR UAKE RADIUS,

UAKE UIDTH, WAXE ALTITUDE, UIND SPEED DEFICIT AT THE CENTER
OF THE UAKE, UIND SPEED AT THE CENTER OF THE UAKE, AND

THE TURBINE POWER FACTOR AS A FUNCTION OF THE DISTANCE

DOUN WIND OF THRE TURBINE

OPEN(UNIT«10,DEVICE=~’DSK’,ACCESS=’SEQQUT’,
HODE-'ASCII‘ DISPOSE«’SAVE’, FILE«’XUSR2.DAT*)
OPEN(UNIT=11, DEUXCE"DSK‘ QCCESS"SEQOUT
HODE-'QSCII' DISPOSE-’SAUE',FILE-’XUSDUC DAT*)
OPEN(UNITat2, DEUICE-'DSK',ACCESS"SEOOU T,
HODE-'RSCII',DISPOSE-'SAUE’.FILE-’XUSUl DAT’)
OPEN(UNIT=13,DEVICE="DSK’,ACCESS='SEQOUT,
HODE-‘hSCII',DISPOSE"SAUE' FILE=’XUSUBG.DAT")
OPEN(UNIT=14, DEUICE"DSK'.ACCESS"SEGOUT'
HOBE-‘ASCII‘,DXSPOSE-‘SRUE',FILE-'XVSPR DAT*)

FIRSTX=0.
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FIRSTYR®
FY2+RO+AH

FY3sRet2

URITE(10,19) FIRSTX,FIRSTY,FVa,Fv3
FIRSTY«1. _

URITE(11,1) FIRSTX,FIRSTY
FIRSTYe1./CPH

URITE($2,10) FIRSTX,FIRSTY

FIRSTY=1./CPN
URITE(13,10) FIRSTX,FIRSTY

0O 0 o 0 o 060 0o o

XOLDsX
R20LD=R2

+ SEARCH THROUGH X, TERMINATE WHEN R2 IS GREATER THAN 8 ,
« OR X IS GREATER THAN S2

OO0
.

CONTINUE
IF(.NOT.(R2 .LE. 8. .AND. X .LE. 52.)) GO TO 79

IFC.NOT.(X .EQ. 9.))GO0 TO 61
R2=R8
DUC-1.
UB=1./CPM
. UBGe«1,/CPM
61 CONTINUE
IFC(.NOT.(X .EQ. XN)) GO TO 62
R2=R22 -
DUC-1.
UBe1i./CPN
UBGe1./CPMN
62 CONTINUE
RADDAH=R2+AH
RMUL2-R2X2.
WRITE(10,10) X,R2,RADDAH,RMUL2
URITE(11,19) X,DUC
URITE(12,19) X,UB
WRITE(13,10) X,UBG
IF(.NOT.(X .NE. 9.)) GO TO 63
WRITE(14,190) X,PR
63 CONTINUE

DO 69 I-1,J
IF(.NOT. (XNPT(I) .GT. XN)) GO TO 68

IFC.NOT. (X .GT. XNPT(1)

OA D.
XOLD .LT. XNPT(I))) GO TO €6
R2NEMW = ( (R2-R20LD )/ (X~XOLD) )X (XNPT(I )=-XOLD)+R20LD

R2SAV(1)=RZNEY

Ao
(.3
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66 CONTINUE
IFC.NOT. (X .EQ. XNPT(I))) GO TO 87
R2SAV(I)=R2
67 CONTINUE

69 CONTINUE

CALL RJ
DRDXE=SQRT( ( (DRDX+DRDXP }/2. )XZ2+ALPHARE2)
XPeX+DR/DRDXE
R2=R2P
X=XP
DRDX=DRDXP
GO 70 60
() CONTINUE

CLOSE FILES

CLOSE(UNIT=10)
CLOSE(UNIT=11)
CLOSE(UNIT=12)
CLOSE(UNIT=13)
CLOSE(UNIT=14)

« « o INITIALIZE PLOTTER FOR DISSPLA, 1200 BAUD RATE, EXTENDED
+ o o+ GRAPHICS TERMINAL

CALL TKTRN(ig20,1)
. « o PRODUCE PLOTS

CALL XUSR2
CALL XVUSDUC
CALL Xusus
CALL XUSUBG
CALL XUSPR

ooow
.
.
.

OO0 O0O000

GENERATE WIND SPEED PROFILE PLOTS AS A FUNCTION OF THE
LATERAL COORDINATE, FOR EIGHT ALTITUDES FOR EACH
DOUNUIND LOCATION SELECTED BY THE USER. ALSO, A
VERTICAL WIND SPEED PROFILE IS GENERATED FOR EACH
DOUNUIND LOCATION SELECTED.

* o o 0 e 0 o
* o 8 e 0o o o

QOOOOOOO0 O
RS

IUNITZ=J+14+4
OPEN(UNIT=JUNITZ,FILE="UVSZ’,DEVICE="DSK’,MODE="ASCII’,
X DISPOSE«’SAVE‘ ,ACCESS=‘SEQOUT’)
DO 160 I=-1,J
URITE(IUNITZ,18) FLAC
IUNIT=1+14
ENCODE(68,75,UFILE) I1UBAR,IUNIT
7% FORMAT(A4,I2)
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OPEN(UNIT=IUNIT,DEVICE=’DSK’ ,ACCESS=’SEQOUT’,
MODE=’ASCII’,DISPOSE="SAVE’ ,FILE~UFILE)

Z=20
Yeo.

c
g + o « STEP THROUGH EIGHT ALTITUDES

DO 149 JJ-1,8
URITE(IUNIT,10) FLAG

Yoo,
UBAR=0.
o0 CONTINUE ,
IF(.NOT.(ABS(1.-UBAR) .GT. ,000€1)) GO TO 139
YVUAL=Y
¢ EGUATION (3-85)
ZVAL=AH-Z
CﬁLt CALCUCYVAL, ZVAL, XNPT,R25AV, 1,UBARA)
YVALeY
c EQUATION (3-95)
ZUALeAH+Z
CALL CALCU(YUAL, ZVAL,XNPT,R25AV,1,UBARS)
c EQUATION (3-98)
IF(NP .EQ. 8)
4 UBAR=UHJZ (UBARA+UBARD-1.)
c EGUATIONS (3-98) AND (3-99)
IF(NP .€GQ. 1)
b UBRR*VUHOS (UBARA+UBARB-1 . )%
4 (Z/7AH ) XSUEXP
WRITECIUNIT,10) Y,UBAR
Ye¥4DYY
GO TO SQ
130 CONTINUE
Y=6.
UBAR=1,
URITE(IUNIT,10)Y,UBAR
224022
é40 CONTINUE
g « » o CALCULATE VERTICAL WIND SPEED PROFILES
YUAL-Q.
Z2°9.
145 CONTINUE
IF(.NOT. (2 .LE. 5.))G0 TO 150
c EQUATION (3-85)
ZUAL=AKH-2Z ’
CALL CALCU(YUAL,ZUAL,XNPT,R25AV,I,UBARA)
ZUAL=AH+2Z

EQUATION (3-95)

CALL CALCU(CYVAL,ZUAL,XNPT,R25AV, 1,UBARD)
EQUATIONS (3-98) AND (3-99)

UBAR=UHOK (UBARAIUBARB~1. )X (Z/AH IXXUEXP

YRITE(IUNITZ,10) UBAR,2Z

222+DYY

Q0 TO 145
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50 CONTIMNUE
CLOSE(UNIT=IUNIT)
« « o FOR EACH OF THE °*XNPT®, PLOT LATERAL UIND SPEED PROFILES
CALL YUSUBR(IUNIT,UFILE,XNPT,I)
69 CONTINUE
CLOSE(UNIT-IUNITZ)
» o« o PLOT VERTICAL WIND SPEED PROFILES
CALL UVSZ(IUNITZ, ‘UVSZ’,AH,J)
+ + o TERMINATE PLOTTING SESSION, END PROGRAM
CALL DONEPL

END
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SUBROUTINE R3
THIS SUBROUTINE CALCULATES UAKE GROWTH RATE, UIND SPEED AT THE CENTER OF

. . THE UAKE, AND POUER RATIO IN REGION III OF THE UAKE.

¢ o o o

COMMON sSUBCOM/ CPM,AH,R®,R2,DUC,UB,UBG,DRDX,PR,
XN,R22,R21,XH

CALCULATE VIND SPEED DEFICIT AT THE CENTER OF THE UAKE
EQUATION (3-53)
DUC*3,73%(-,2582CPM/(1,-CPN)~-SART((.258%CPM/(1.-CPM))xXx2
+.536/7(R23REX(1.-CPM)/RIXX2)))
CALCULATE UAKE GROWTH RATE DUE TO MECHANICAL TURBULENCE
EQUATION (3-60)

. DRDX=.27/(2.2CPM/( (CPM-1.)XDUC)I-1.)

CALCULATE NON-DIMENSIONAL UIND SPEED AT THE WAKE CENTER
EQUATION (3-94)

UB=1.-DUCX(1.-1./CPM)

UBG=UB
IS5 THE CENTER OF THE WAKE IN GROUND EFFECT ?

IF(.NOT.(R2 .GT. 2.%AH)) GO TO 1@
UFel,-DUCX(1.-1./CPM)X(1,~(2.3AH/R2)821.5)232
UBGeUBSUF

CONTINUE

CALCULATE THE RATIO OF PQUER GENERATED IN A GEOMETRICALLY
IDENTICAL TURBINE CENTERED IN THE WAKE OF THE UPUIND TURBINE
TO THE POWER THAT TURBINE WOULD GENERATE IF IT UERE IN THE

STREAM UIND
EQUATION (3-75)

B=DUCK(1.-1./CPM)
EQUATION (3-78)

Fle(1.-3.%B+3,2B332-1.38x23)/2.
Fae(6.1B-12.28222+6.XB223)/3.65
F3+(-3.3B+18.xB332-15.28%%3)/5.
F4=(-12.3B522+20.%B223)/6.5
F5«(33B232-15,.2B%23)/8.
F6-6.3%8%%23/9.6
F7=8%23/(-11.)
RI*SQRT((CPM+L.)/7(2.3CPM))
RIR-RI/R2
PR*2.X(F1+F2SRIR2X1.S5+FILRIRSEI
#F4SRIREX4.5+FSSRIRIXG+FEIRIRXX? . S+F7RRIRERY)
s
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SUBROUTINE CALCU(Y.:.XNPTDH,R&SUDH.I,Ulhﬂ)

THIS SUBROUTINE CALCULATES WIND SPEED IN THE WAKE FOR
GIVEN UALUES OF THE LATERAL AND VERTICAL COORDINATE
DISTANCES . THE FORM OF THE UIND SPEED PROFILE OF

(e XeXeXvX2X+]
¢ e 0 »

QOO O O

109

[rX2X+]
.

OO0 OO0 O

COMMON /5UBCOM/ CPM,AH,RO,R2,DUC,UB,UBG, DRDX,PR,
X XN,R22,R81,XH

REAL XNPTDM(20),N,R2SVUDM(29)
ReSQRT(YX22+2%22)
« +» DETERMINE IF XNPT IS IN REGION I

IFC.NOT. (XNPTDM(I) .LT. XH)) GO TO 109
R1=RO-ROXXNPTDM(I )/ XH
R2-R2SVDN(I)
Ne (R-R2)/7(R1-R2)
IF(N .LT. 0.) UBAR-1,
IF(N .GT. 1,) UBAR-1./CPN
IF(e. .LT. N .AND. N LT, 1.)
b 4 UBAR={./CPN+(1.-1./CPM)
4 2(1.-Nx31,5)2%2
CONTINUE

+ « DETERMINE IF XNPT 1S IN REGION III

IFC.NOT. (XNPTDM(I) .GT. XN)) GO TO 110
R2=R2ASUDM(1)
CALL R3
IF(R .GT. R2) UBAR-1
IF(R .LE., R2) UBARe{.-DUCE(1.~-1,/CPM)
b 4 2(1.-(R/R2)%x%1.5)322
CONTINUE

. . DETERMINE IF XNPT IS IN REGION II
TFCNOT. (XH .LT. XNPTDMCI) .AND. XNPTDACI) .LT. XN1) GO TO 120

R2-R2SUDM(I)
Ne(R-R2)/(R1-R2) ' EQUATION (3-33)
IF(N .LT. @.) UBAR1=1, ! EQUATION (3-89)
IF(N .GT. 1.) UBARL=1./CPN ! EQUATION (3-88)
IF(0. .LT. N .AND. N .LT. 1.)

t UBAR1=1./CPN+(1.~1.,CPM)

b IR ! EQUATION (3-S0)
IF(R .GT. R2) UBARZ1. ' EQUATION (3-94)
IF(R ,LE. R2)

P UBAR2#1 . -DUCK(1.~1,/CPM)

x 2(1.-(R/R2)2%1.5)%%2 ! EQUATION (3-93)

UBAR® ((XNPTDH( I )-XH)/ (XN-XH))SUBAR2
+C (XN-XNPTDM(1) )7 (XN=~XH) )ZUBARY

CALL IOUAIT
CALL HDCOPY

« o + TERMINATE PLOT
CALL ENDPL(®)
¢« ¢« o RETURN TO MAINLINE

RETURN
END

REGION I , REGION II , OR REGION III AS APPROPRIATE

EQUATION

EQUATION
EQUATION

EQUATION
EQUATION

EQUATION

EQUATION
EQUATION

(3-86)

(3-87)
(3-33)

(3-89)
't3-88)

(3-96)

(3-91)
(3-99)

! EQUATION (3-85)
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SUBROUTINE XVUSR2
COMMON /PSCALE/RRR,VH®
REAL vvaL(3)

NLINES=3
SET MAXIMUM VALUES FOR X AND Y AXIS

XNAX=50.
YNAX=8.

IFC.MOT.(RRR .GT. 2.)) GO TO S
XMAX=58.XRRR
YHAX=8,ERRR

CONTINUE

XSCALE=XMAX/50.
YSCALE=YMAX/8.,

RE-INITIALIZE PLOTTER

CALL BGNPL(1)
CALL PHYSOR(1.,1.)
CAaLL PAGE(14.,11.)

PLOT AXI1S

CALL HEIGHT(Q.2)

CALL ComPLX

CALL MX1ALF(’STAND’,‘8’)

CALL MX2ALF(‘L,/CSTD’,’@’)

CALL MX3ALF(/INSTR’,‘%’)

CALL TITLE(® ‘L1,
‘DISTANCE DOWNUIND FROM TURBINE , X/R$LH1i.€D8$S’,
109, ‘UAKE BOUNDARY PARAMETERS’,
199,10.,8.)

CALL GRAPH(O. +XMAX710,,0.,YHAX/8.

CALL HEADIN(’(€18). NORMALIZED URKE BOUNDARIES 8°,100,1.,1)

DRAU ONE LINE EACH FOR WAKE RADIUS, UAKE
RADIUS PLUS ALTITUDE, AND TUO TIMES WAKE RADIUS
OPEMN DATA SET FOR EACH LINE

DO 40 l<i,NLINES
OPEN (UNIT=10,FILE=’XVUSR2.DAT’,ACCESS="SEQIN’)

READ FIRST CARD
READ(19,10,END=39) XUAL, (YVAL(J),J=4,NLINES)
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FORNMAT(50F10.4)
XPOS«=(10, 7/XMAX ) XXVALXXSCALE
YPOS=(8./YMAX ISYUAL( I )SYSCALE
CALL STRTPT(XPOS,YPOS)

PLOT ENTIRE DATA SET
CONTINUE
XPOS=(10./XMAX )EXVALIXSCALE
YPOSe=(8./YMAX)SYUAL(I )XYSCALE

CALL CONNPT(XPOS,YPQS)
READ(10,10,END=30) XVAL, (YUAL(J),J=1,NLINES)

GO TO 20
CONTINUE

CLOSE DATA SET
CLOSE(UNIT=10)
CONTINUE
MAKE A HARD COPY AND ERASE SCREEM

CALL I0UAIT
CALL HDCOPY

TERMINATE PLOT
CALL ENDPL(1)
RETURN TO MAIN ROUTINE

RETURN
END
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SUBROUTINE XUSDUC . .
COMMON /PSCALE/RRR,UHO
SET MAXINUM UALUES FOR X AND Y AXIS

XMAX50.
YHAX=1.

IF(.NOT.(RRR .GT. 2.)) GO TO S
XMAX=50.SRRR
CONTINUE

IFC.NOT.(UHO .GT. 1.)) GO TO 6
YMAX=1,SUHO
CONTINUE

XSCALE«XMAX/SQ.,
YSCALE=YMAX/1.

OPEN DATA SET
OPEN (UNITe13 FILE=’XUSDUC.DAT’,ACCESS~’SEGIN’)

RE-INITIALIZE PLOTTER

CALL BGNPL(1)
CALL PHYSOR(1.,1.)
CALL PAGE(14.,11.)

PLOT AXIS

CALL HEIGHT(9.2)
CALL compPLX
CALL MX1ALF(’STAND’,’8’)
CALL MX2ALF(’L/CSTD’,’€’)
CALL MX3ALF (*MATHEMATIC’,’%’)
CALL MX4ALF(‘INSTR’,’8’)}
CALL ZIUSE(’S(ULLHI . XORLXHXS$~-ULLHL.GCALXHX$)/8",189)
CALL Z2USE(‘$(ULLH1.%¥OLLXHX$-ULLH1,S0LLXHXS)S’,100)
CALL TITLEC’ ‘,1,
‘DISTANCE DOWNUWIND FROM TURBINE , X/R&LMH1.8D8$’,
100, ‘UIND SPEED DEFICIT 8218228°,
100,10.,5.)
CALL GRAPH(9Q.,XMAX710.,8.,YMAX/5.)
CALL HEADIN(’(828). NORMALI2ED WUIND SPEED DEFICITS’,109,1.,2)
CALL HEADIN(’/AT THE UAKE CENTERS’,1090,1.,2)

READ FIRST CARD

READ(11,10,END=38) XVAL,YVAL
FORMAT(2F10.4)
XP0S=(10./XMAX )XXVALEXSCALE
YPOSe«(5,/YNAX )SYUALRYSCALE
CALL STRTPT(XPOS,YPOS) -
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PLOT ENTIRE DATA SET

CONTINUE
XPOS=(10./XMAX)XXUALIXSCALE
YPOS=(5./YMAX )ZYVALIYSCALE
CALL CONNPT(XPOS,YPQS)
READ(11,10,END=30) XVAL,YVAL
GO TC 2¢

CONTINUE

NAKE HARD COPY THEN ERASE SCREEN

CALL IOWAIT
CALL HDCOPY

CLOSE DATA SET
CLOSE(UNIT=11)
TERMINATE PLOT

CALL ENDPL(Q)

RETURN TO MAIN ROUTINE

RETURN
END
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SUBROUTINE XUSUB
COMRON /PSCALE/RRR,VH®
SET MAXIMUM UALUES FOR X AND Y AXIS

XMAX=S3.
yHaxet.

IF(.NOT.(RRR .QT. 2.)) GO TO S5
XMAX50. IRRR
CONTINUE

IFC.NOT.(VH® .GT. 1.)) GO TO 6
YRAX=1,3UHO
CONT INUE

XSCALE«XMAX/50.
YSCALE=YMAX/1.,

OPEN DATA SET
OPEN (UMNITe12,FILEe’XUSUB.DAT’,ACCESS*'SEQIN’)

RE-INITIALIZE PLOTTER

CALL BGNPL(1)
CALL PHYSOR(1.,
CALL PAGE(14.,1

PLOT AXIS

CALL HEIGHT(O.2)

CALL comPLXx

CALL MX1ALF(’STAND’,°$’)

CALL Mx2ALF(’L/CSTD’,’€’)

CALL MX3ALF(/INSTR’,’%’)

CALL MX4ALF(’MATHEMATIC’, ‘X’)

CALL Z1USE(’SULLH1.QCALXHX$/USLH1.%088’,100)
CALL TITLEC(’ ’/,1,

1.)
1.)

‘DISTANCE DOWNWIND FROM TURBINE , X/RALH1.€D3S’,
100, 'UIND SPEED AT UAKE CENTER, 821%’,300,19.,5.)

CALL GRAPH(Q., XMAX/10.,0.,YMAX/S5.)

CALL HEADIN(’(838). NORMALIZED WIND SPEEDS’,109,1

CALL HEADIN(’AT THE UAKE CENTERS’,1900,1.,2)
READ FIRST CARD

READ(12,1@,END=33) XVAL,YVAL
FORMAT(2F10.4)
XP0Se(10./XMAX )XXVALEIXSCALE
YPOS=(5./YNAX )XYUALXYSCALE
CALL STRTPT(XPOS,YPOS)

¢
C . . . PLOT ENTIRE DATA SET
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CONTINUE
XPOS*(19./XMAX YXXVALEXSCALE
YPOSe(6./YNAX )XYVUALSYSCALE
CALL CONNPT(XPOS,YP0S)
READ(12,10,END=39) XVAL,YVAL
GO TO 2¢

CONTINUE

MAKE A HARD COPY THEN ERASE SCREEN

CALL IOUAIT
CALL HDCoOPY

CLOSE DATA SET
CLOSE(UNIT=12)
TERMINATE PLOT

CALL ENDPL(®)

RETURN TO MAIN ROUTINE

RETURN
END
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SUBROUTINE XUSPR

C
¢ COMMON /PSCALE/RRR,UH®
C
g + » « SET MAXIMUM VALUES FOR X AND Y AXIS
XMAX=50,
c YMAX=1 .,
IF(.NOT.(RRR .GT. 2)) GO TO 5
XMAX=508.XRRR
5 CONTINUE
[
IFC.NOT,(UHO® .GT. 1)) GO TO 6
YMAX=1,.3UHO
6 CONTINUE
c
XSCALE~=XMAX/Sa.
YSCALE=YMAX/1.
C
C . . . OPEN DATA SET
[
OPEN (UNIT={4,FILE=’XUSPR.DAT’ , ACCESS+’SEQIN’)
C
€ . « « RE-INITIALIZE PLOTTER
c

CALL BGNPL(1)
CALL PHYSOR(1.,1.)
CALL PAGE(14.,11.)

PLOT AXIS

CALL HEIGHT(2.2)
CALL cOMPLX
CALL MXIALF(’STAND’,“$’)
CALL MX2ALF(°L/CS5TD’,’@’)
CALL MX3ALF(’/MATHEMATIC’, ‘%’)
CALL MX4ALF(’INSTR’,’$’)
CALL TITLEC(’ /, 1,
b ‘DISTANCE DOUNUIND FROM TURBINE , X/RALM1.6D8S’,
X 100, ‘POLER FACTOR, P/PLLH1.%08’,108,10.,5.)
CALL GRAPH(O.,XMAX/10.,0.,YMAX/5.)
CALL HEADIN('(048). TURBINE POVER FACTORS’,t0e0,1.,23)
CALL HEARDIN(’FOR AN UMBOUNDED WAKES’,100,1.,2)

c
C . . . READ FIRST CARD
c

READ(14,10,END=39) XuAL,YUAL
10 FORMAT(2F16.4)
XP0S5=(10./XMAX )IXVALXXSCALE
YPOS=(5./YMAX )EYVALSYSCALE
CALL STRTPT(XPOS,YPOS)

c
C . . . PLOT ENTIRE DATA SET

o00
.
.
.
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CONTINUE
XPOSe(10./XMAX ) EXVALSXSCALE
YPOS=(5./YNAX )XYUALXYSCALE
CALL CONNPT(XPOS, YPOS)
READ(14,10,END=38) XVAL, YVUAL
GO TO 20

CONTINUE

MAKE HARD COPY THEN E-*SE SCREEN

CALL IOWAIT
CALL HDCOPY

CLOSE DATA SET
CLOSE(UNIT=14)
TERMINATE PLOT

CALL ENDPL(Q)

RETURN TO MAIN ROUTINE

RETURN
END
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SUBROUTINE YUSUBR(IUNIT,UFILE,XNPTDN,I)
COMMON /PSCALE/RRR, UHO

DOUBLE PRECISION UFILE

REAL XNPTDM(29)

INTEGER WORK(13),ITITLE(13),PLTNUN
LOGICAL NEWLIN

DATA FLAG/-99./

SET PLOT NUMBER FOR TITLE ANNOTATION
PLTNUM=T+4

SET MAXIMUM UALUES FOR X AND Y AXIS

XMAX*6.
YNAX=1.2

TF(.NOT.(RRR .GT. 2.)) GO TO 1
XMAX=6.2RRR
CONTINUE

IFC(.NOT.(UH® .GT. 1.)) GO TO 2
YMAX=1.23VHO
CONTINUE

XSCALE =XMAX/6 .
YSCALE=YMAX/1.2

OPEN DATA SET
OPEN(UNIT-IUNIT;FILE-UflLE,hCCESS"SEOIN')
"CREATE®* TITLE FOR PLOT

ENCODE(65,5,U0RK) PLTNUM,XNPTDM(I)

FORMAT(’(’,12,/). LATERAL UIND SPEED PROFILE

‘AT X/RALHL.ODLLXHXE =’ ,F7.2,°'S$’)

DECODE(65,6,U0RK) ITITLE
FORNAT(15A5)

» +RE-INITIALIZE PLOTTER

CALL BGNPL(1)
CALL PHYSOR(1.,1.)
CALL PAGE(9.,9.)

o « PLOT AXIS
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CALL HEIGHT(0.2)

CALL cCoMPLX

CALL MX1ALF(‘’STAND’,’8$’)

CALL MX2ALF(’L/CSTD’,’Q’)

CALL MX3ALF(’MATHEMATIC’,’X’)

CALL MX4ALF(’INSTR’,’A’)

CALL TITLEC(’ °,1,°'LATERAL COORDINATE , Y/RALH1.€D8$8’,100,
2 ‘UIND SPEED, U/ULLH1.%088‘,100,6.,6.)}

CALL GRAPH(®.,XMAX/6.,0.,YMAX/6.)

CALL HEADINCITITLE(1),35,1.,2)

CALL HEADINCITITLE(8),109,1.,2)

C
C . . . READ FIRST RECORD
[~
READ(IUNIT,18,END=58) YVAL,UBAR
10 FORMAT(2F10.4)
c
c...
C . . . PLOT DATA SET
C...
c
éS CONTINUE
IFC.NOT. (YUARL .EQ. FLAG)) GO TO 2@
NEULINe,TRUE.
ce CONTINUE
c
IF(.NOT. NEWLIN) GO TO 30
READ(IUNIT,10,END=S0)YVAL,UBAR
XPOSeYUALR(6./XMAX)EXSCALE
YPOS~=UBARX(6./YMAX)LYSCALE
CALL STRTPT(XPOS,YP0S)
NEWLIN=.FALSE.
30 CONTINUE
IFC.NOT. (.NOT. NEWLIN)) GO TO 49
XPQS=YVALZX(6./XMAX)EXSCALE
YPOS=UBARX(6./YMAX)IXYSCALE
IFC.NOT,. (XPOS .LT. 10.)) GO TO 35
CALL CONNPT(XPOQS,YP0OS)
35 CONTINUE
49 CONTINUE
¢
c
READCIUNIT, 18,END=59)YVAL, UBAR
¢ GO TO 1S
59 CONTINUE

c

g « « o CLOSE FILES

c CLOSE(UNIT=IUNIT,DISPOSE=’SAVE’)
C . . . BAKE A HARD COPY AND ERASE SCREEN
C

120 CONTINUE
c
C . . . RETURN TO MAIN LINE
c
RETURN

END
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SUBROUTINE WUSZ(IUNIT,FILE,AH,J)
coMmMON /PSCALE/RRR,UHO

REAL XNPTDM(2Q)

INTEGER UORK(12),ITITLE(12),PLTNUN
LOGICAL NEUWLIN

DATA FLAG/~99./

SET PLOT NUMBER FOR TITLE
PLTNUM4+J+¢

SET MAXIMUM VALUES FOR X AND Y AXIS

XMAXe1.2
YRAX=5.

IF(.NOT.(RRR .GT. 2)) GO TO 5
YMAX =5, IRRR
CONTINUE

IFC.NOT,.(UH® .GT. 1.)) GO TO 6
XMAXe1,25UHD
CONTINUE

XSCALE=XMAX/1.2
YSCALE<YNAX/S.

OPEN. DATA SET
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OPEN(UNIT=IUNIT, FILE=FILE,ACCESS~‘SEQIN’,

DEVICE=’DSK’)
PRODUCE TITLE
ENCODE (62, 7,U0RK) PLTNUM

FORMAT((’,12,’), VERTICAL WIND SPEED PROFILES

’AT UAXE CENTERS’)

DECODE (60, 8, UORK ) ITITLE
FORMAT(312AS)

o «RE-INITIALIZE PLOTTER

CALL BGNPL(1)
CALL PHYSOR(L,,1.)
CALL PACE(S.,8.)

+ o« PLOT AXIS

CALL HEIGHT(0.2)
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CALL COMPLX

CALL MX1ALF(’STAND’,’8’)

CALL MX2ALF(°L-/CSTD’,’€’)

CALL MX3ALF(’MATHEMATIC’,’X’)

CALL MX4ALF(’INSTR’,’8’)

CALL TITLE(’ ’,1,’UIND SPEED, U/ULLH1.%X088’,100,
ALTITUDE, Z/R8LH1.4D$8°,100,6.,5.)

CALL GRAPMH(O.,XMAX/6.,9.,YHAX/5.)

CALL HEADINCITITLE(1),35,1.,2)

CALL KEADINCITITLE(8),100,1.,2)

RERD FIRST RECORD

READCIUNIT, 10,END=52) UVAL,ZVAL
FORMAT(2F19.4)

PLOT DATA SET

CONTINUE

IFC.NOT. (UVAL .EQ. FLAG)) GO TO 2@
NEULINe,TRUE.
CONTINUE

IF(.NOT. NEULIN) GO TO 3@
READCIUNIT,10,END=S®)IUVAL, ZUAL
XPOS=UUALE(6./XNAX I EXSCALE
YPOS=ZUALS(S./YMAX )XYSCALE
CALL STRTPT(XPO0S,YPOS)
NEULINe.FALSE.

CONTINUE

IFC.NOT.(.NOT. NEWLIN)) GO TO 4@
XPOS=UUALE(6./XMAX JXXSCALE
YPOS«ZUALX(5./7YMAX )XYSCALE
IFC.NOT.(XPOS .LT. 18.)) GO TO 35

CALL CONNPT(XPOS,YPOS)
CONTINUE
CONTINUE

READ( IUNIT, 10,END=59)UVAL, ZVAL
G0 TO 1S

CONTINUE
DRAU A STRAIGHT LINE AT ZeAH

XP0S=9.

YPOS«(5./YMAX ISAHXYSCALE
CALL STRTPT(XP0S,YPOS)
XP0OS=6.

CALL CONNPT(XPOS,YP0S)
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DRAU A DASH AT Z=RH41
XP0S=0.

YPOS = (5./YRAX X (AH+1 JXYSCALE
CALL STRTPT(XPOS,YPOS)
XP05+9.5

CALL CONNPT(XPOS,YPOS)
DRAU A DASH AT ZeAH-1

XP0S-0.
YPOS+(5./YMAX ) B(AH=1)8YSCALE

CALL STRTPT(XPOS,YFOS)
XPOS

05+9.5
cALL CONNPT(XPOS,YPOS)
CLOSE FILES
CLOSE(UNIT=IUNIT)
MAKE A HARD COPY AND ERASE SCREEN

CALL IOWAIT
CALL HDCOPY

. TERMINATE PLOT

CALL ENDPL(®)
RETURN TO MAINLINE

RETURN
END
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Appendix C

WAKE CALCULATIONS ON THE TI-59 CALCULATOR

This appendix contains a description of a version of the
wake model for the Texas Instruments TI-59 programmable
calculator. A Texas Instruments PC-100C print cradle is used
with the calculator. Mathematically, the model is identical
to the model presented in this report and impletmented as a
FORTRAN computer program. There are some limitations
associated with the calculator version of the model. First,
no plots are produced. All output is in numerical form and
printed on the PC-100C printer. Second, all units of length
are normalized by the rotor radius, and all units of wind
speed are normalized by the free stream wind speed. There
are no options for output in physical units. Third, atmospheric
turbulence must be input as the standard deviation of wind
direction. There is no option for input as a Pasquill class.

There are two programs described in this appendix. The
first program calculates values of downwind distance, x,
wake radius, r,, normalized wind speed deficit at the wake
center, Au_, nOrmalized wind speed at the wake center, u_., and
turbine power factor, P. The second program generates numbers
for wind speed profiles for Region IIT.

It is assumed that the user of these programs is familiar
with the TI-59 programmable calculator and is reasonably pro-
ficient in programming the calculator. The TI-59 calculator
was chosen because it is widely used in scientific institutions.
The wake program will not fit on the TI-58 calculator. The
program for wind speed profiles will fit on the TI-58. Program
listings are given on the following pages.

Wake Program

For the wake program, the calculator must be properly
partitioned. Input of 3 OP17 will properly partition the
calculator with 720 program steps and 30 memory locations.

The inputs to the program are the initial wind speed
ratio, m, and the standard deviation of ambient wind direction,
0,- To run the program, enter m, and press A. The input
value of m will be printed. When 0.02 appears on the display,
enter o,,and press B. The value of o, will be printed. A
value o% 0y = -1000 should be used to obtain the Abramovich
solution (i.e., to make do/dx = 0 in equation (3-20)). Output
consists of sets of five numbers: downwind location, x; wake
radius, Ty normalized wind speed deficit at the wake center,
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Au_; normalized wind speed at the wake center, u_; and turbine
power factor, P. The first set of numbers is foF the initial
wake (i.e., x = 0). The second set of numbers is for the

end of Region I (i.e., x = xH). The third set of numbers is

for the end of Region II (i.e., x = Xx,,). The following sets of
numbers are printed during- the numerical integration in Region
III. Since the turbine power factor is undefined in Regions I
and II, it does not appear with the first three sets of

numbers. Table C-1 shows sample output. The program terminates
if x>60. The user may terminate the program at any time by

pressing R/S.

The parameters stored in the 30 memory locations are shown
in Table C-2. This information is not necessary for running
the program but is given for users who may desire to modify
the program. A TI-59 1listing of the program is given below.
The description of the program is given adjacent to the program

listing.
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Table C-1

OUTPUT OF WAKE PROGRAM FOR
TI-59 CALCULATOR

Description Output . [Symbol
Input value of m 2o | m
Input value of O 0, Iq
-l:l_ x=0
Initial wake boezdrasart Zg
05 | u©
2. 152013283 Xpp
Wake at end of 1. 72a597064 Toq
.Region I 1. Auc
0S| ug
12, 255280717 | X
1.3 1590667 ng
Wake at end of T
c
12, 40323542 (X
First point in E.Q?lﬁ?&@%? T,
numerical integration [. ¥EFT134231 | AU
in Region III S1524322824 (U,
L 231e31e545 | P

12, 5850277 |X

Second point in 2. 021590867 r&
numerical integration [. 411525052 |fU.
in Region III L SER42074TS | C

L301ezga01s |P

X

Third point in Z%
numerical integration a ©
in Region III C
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Table C-2

STORAGE LOCATIONS USED FOR
WAKE PROGRAM FOR TI-59 CALCULATOR

Storage :
location Symbol Definition

01 o Wake growth rate due to ambient
turbulence

02 m Initial wind speed ratio, Uw/UO

03 L Initial wake radius

04 Thq Wake radius at the end of Region I

05 v0,214+0.144m

06 (XH)m Downwind extent of Region I from

and x Abramovich solution and downwind
H extent of Region I

07 v0.134+0.124m

08 n XN/XH

09 X Downwind coordinate

10 r22 Wake radius at end of Region II

11 T, Wake radius

12 Auc Wind speed deficit parameter

13 (dr/dx)m Wake growth rate due to mechanical
turbulence for wake radius, T,

14 r, Wake radius used by Subroutine A’

15 rz' Incremented value of wake radius

16 Auc' Wind speed deficit parameter for
wake radius, r'

17 (dr/dx)m Wake growth rate due to mechanical
turbulence for wake radius, rz'

18 (dr/dx)e Effective growth rate of the wake
radius

19 Ar Increment in wake radius for integration

20 B Auc(l-l/m)

21 First coefficient for equation (3-78)

22

Second coefficient for equation (3-78)
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Table C-2

STORAGE LOCATIONS USED FOR
WAKE PROGRAM FOR TI-59 CALCULATOR (concluded)

Storage
location Symbol Definition
23 Third coefficient for equation (3-78)
24 Fourth coefficient for equation (3-78)
25 Fifth coefficient for equation (3-78)
26. Sixth coefficient for equation (3-78)
27 Seventh coefficient for equation
(3-78)
28 T, Radius of stream tube in the free
stream flow
29 rm/r2 Ratio of r_ for the downwind

turbine to the wake radius of
the wake of the upwind turbine
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Wind Speed Profiles

The program for wind speed profiles generates the wind
speed in the wake for the lateral wind speed profiles or for
the vertical wind speed profile. The inputs to the program
are the initial wind speed ratio, m; the height of the rotor
hub (in rotor radii), h_; the power law coefficient for the
free stream wind speed profile, y; and the wake radius r,.
The wake radius may be obtained for a given downwind location
from the wake program. For horizontal wind speed profiles,
the altitude at which the profile is to be calculated, z, is
also input. The output of the program is the normalized wind
speed in the wake at intervals of 0.1 rotor radii. The wind
speed in the wake is normalized by the free stream wind speed
at the hub altitude. An input value of vy = 0 allows the
wind speed to be normalized by the wind speed at the altitude
of the profile.

To operate the program:

Enter m Press A
Enter ha Press R/S
Enter vy Press R/S
Enter T, Press B

For the lateral wind speed profiles:
Enter z Press C
For the vertical wind speed profile:
Press E
For lateral wind speed profiles at an additional altitude:
Enter new z Press C
To change Ty

Enter new T, Press B

The program will terminate when the point on the profile
is in the free stream wind. The last number printed is for
the free stream wind. Table C-3 shows a sample output. Table
C-4 shows the parameters stored in the memory locations. A TI-59
listing of the program is given on the next page. The description
of the program is given adjacent to the program listing.
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142 432 ECL
14 100 10

Store Au_ in 0e3 4z 27O 14> &5 X
location~06 os e Lo 143 4% RCL
Input z for lateraDl?o 21 R-= 144 11 11
wind speed proflle:::.;‘g llE LEL Calculate U 145 ,:.?
IEIQE 45 =70 from equation i“"’_{ :": FIE:L
nas oF oy  (3798) and 1an 0F 0OF
ion 93 Aoy print lam 55 &
Print z 1oy 33 ADY 150 43 FCL
1oz 99 PRT 151 0= no
10z oo o { e '.;' = )
Initialize y 104 2 =570 1.;,' 5
105 02 08 =y oas
10 76 LEL 1';.;1: ?:;: P[Il:
Calculate z, from g7 7 B® 156 a5 =
equatlon (3-85) and =z 43 RCL 1,;1_, o PRT
store in. 1ocat10n 103 02 oz 1;_”’:: ‘1::_': F‘l;:L
09 110 73 - 159 10 10
111 43 RCL Go to B' if not jgn &5 ®
11z oy 07 in free stream (g1 43 RCL
113 95 = flow £
114 42 sTO ik‘ ié il
115 0% 0% 164 22 IHY
Calculate u from 115 71 SERE 165 67 EQ
Subroutine A' and 117 i1e A" 166 17 B*
store in location 1132 42 =70 . SToo T 91 RoS
10 113 10 10 2B oo | RL
Calculate z_* from 123 43 RCL er (11“ f?lll 169 15 E
equation (3Y96) and21 0z 0z -SREeC PTOTIie o o o
store in location 122 25 + 171 -1:‘ =70
09 1273 42 RCL 17';- I-I.":-." -n"
124 07 0OF Initialize 7 11..‘? ;:, =T0
125 95 = =1 0- :
IFE 42 STO i'—: b7 Lgf_
Calclated u* from =7 ga 09 Al ':; £
Subroutine A' and 12z 71 SBR IL,E_' 1'; ECL
store in location llzz 15 Rg* i._‘;: ;f'; oL
Print 130 42 2T Calculate z 172 75 -
y 13t 11 11 from equatidn 180 43 RCL
132 43 RCL (3-85) and store 1=y nF o7
23 08 08 in location aw g =
Increase y by Ay i34 2= DY 09 a i;t :?: 210
RECR L 124 09 03
tee 42 RLL TCalculate u from125 71 SBR
11:_:’: :13( UM Subroutine A' 126 16 A
o e and store in 187 42 570
132 02 05 lqQcation 10 12 1o 10
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- 133 43 ECL
Calculate z_* fromi=- M= U= ‘ . amm me &
equation (3V96) l?i o t Subroutine A' to <=7 Sl %EL
and store in 192 43 RCL_calculate u =2z 1& H
; 123 0Oy 07 ICICE- BN I R
Location 03 Cleg4 35 0= 240 432 RCL
195 42 ST70 =41 o3 09
t9s 09 0% odz 23 HE
Calculate u* from 1+ 1 SER Calculate ?/r 242 825+
Subroutine A' and 1% 1& A" from equation 244 43 RECL
store in location 133 42 =70 §3—86) apd store 245 08 03
11 s 11 11 in location 12 Sd5 23 m=e
20t 43 RCL 247 5S4 o
Print z 02 a7 ot 248 34 A
2oz 22 ALy 249 55 =+
204 2 FRET 250 43 RCL
05 43 RCL 251 04 ﬂ4
204 10010 252 25
207 85 2953 42 ’TD
Calculate U from 203 43 RCL 294 12 1z
equation (3-98) zo3 11 11 255 22 IMY
i R EE S If T/r < 1 By - -
and print ii? :i ? g0 to E' ’ ;;; i% F?E
212 42 RCL _u =_1 S T= I L D S |
213 0Y 07 _Return 253 92 ETH
214 55 2&0 7e LEL
215 43 FIL ST N = A
21e 02 H 2ez 01 1
17 262 Y5 -
2 2ed4 432 RECL
SES O 06
Calculate u 265 Bo ¥
frm equation o= I L
(3-93) =6z 01 1
oEd 7o -
270 43 ECL
271 12 12
272 45 WE
2vz 01 1
274 92,
275 0% 5
276 5S4 0
Go to E' if not 277 33 M=
in free stream 2F¥3 95 =
flow o3 22 ETH

Return

Stop'
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Table C-3

OUTPUT OF WIND SPEED PROFILE PROGRAM FOR TI-59

Description Output Symbol
Input value of m 2.9 m
Input value of hZ 1,25 ha
Input value of ¥y 0, = Y
Input value of T, =, r,
Input value of z for G A
lateral wind speed '

':ll y
I wICH Bu it U
.1 y
First four points L BEZEASI0AT U
of lateral wind
speed profile . v
ETOLIVOTTSE U
11, 3 y
ETI3550544 U
. z
o, U
o1 z
4143507003 U
First four points
of vertical wind ., 2 z
speed profile 752552 2EE U

0
e
Lo
7.
T
Y PN
an
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Table C-4

STORAGE LOCATIONS USED FOR WIND SPEED
PROFILE PROGRAM FOR TI-59 CALCULATOR

Storage
location Symbol Definition
01 m Initial wind speed ratio
02 a ‘Height of turbine rotor hub in
rotor radii
03 Ay Interval between successive
points in the profile
calculation, in rotor radii
04 r, Wake radius in rotor radii
05 Ty Initial wake radius in rotor
radii
06 Au Wind speed deficit parameter
07 VA Altitude of wind speed profile
08 y Lateral coordinate
09 z. OT zV* Altitude of profile relative
to hub of real or image
turbine
10 u Wind speed in wake for wake of
real turbine '
11 u* Wind speed in wake for wake of
image turbine
12 r/r2 Radial coordinate in wake
normalized by wake radius
13 Y Power law exponent for free

stream wind speed profile
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Appendix D

ALTERNATIVE ALGORITHMS FOR CALCULATION OF
THE DOWNWIND EXTENT OF REGION I

In the development of the wake model, seven different
approaches for the calculation of the downwind extent of
Region I were considered. All of the approaches are based
on the Abramovich approach for a jet in the absence of ambient
turbulence. All of the approaches use the method of the
square root of the sum of the squares for the adding of
mechanical turbulence and ambient turbulence. For all of
the approaches, the wake radius at the end of Region I is
given by Abramovich equation (5.19) as

=

R T
= .___21 __g = 0 (D_l)
RO d v0.214+0.144m

21

This equation was given as equation (3-34) in the description
of the analytic model. It is the result of a momentum balance
between the initial wake and the end of Region I; therefore,
it should be valid regardless of the presence or absence

of ambient turbulence.

* For mechanical turbulence, the downwind extent of Region
I is given by Abramovich equation (5.20) as

1+m (D-2)

(xy),. =
H'm g 27(m-1)/0.218+0. 142w

This equation was given as equation (3-35) in the description
of the analytic model.

Definition of Approaches

For the purposes of identification, let the seven
approaches for calculating the downwind extent of Region I
be defined as follows.
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r1 approach, - Add the effect of wake growth
due to ambient turbulence to the erosion of
the inner core as given by Abramovich, and
define the end of Region I as the point at
which the radius of the inner core becomes
ZETo. '

T, approach. - Add the effect of wake growth
due to ambient turbulence to the growth of
the wake radius as given by Abramovich, and
define the end of Region I as the point at
which the radius of the wake becomes Tyq-

. b approach I. - Add the effect of wake growth

due to ambient turbulence to the boundary
layer growth given by Abramovich, and define
the end of Region I as the point at which
the width of the boundary layer becomes r,q .-
The width of the boundary layer is T,-Tq.

. b approach II, - Add twice the effect of wake

growth due to ambient turbulence to the
boundary layer growth given by Abramovich,

and define the end of Region I as the point

at which the width of the boundary layer
becomes r,,. Twice the effect of wake

growth dué to ambient turbulence is added
because ambient turbulence affects the )
boundary layer on both sides--at the potential
core and at the wake boundary.

Streamline rj approach. - This is the same
as approach 1, except that erosion of the
inner core is calculated relative to the
streamline which passes through the initial
wake radius, rather than relative to the
line r = T, as was done for the Ty approach.

Streamline r2 approach. - This is the same

as approach 2, except that growth of the wake
radius is calculated relative to the stream-
line which passes through the initial wake
radius, rather than relative to the line

T =T, as was done for the T, approach,

.5r21 approach. - This is the same as the
first and second approaches, except that the
erosion of the inner core and the growth of
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the wake radius are calculated relative to a
line passing from the initial wake radius at
x=0¢tor-=,57r at the end of Region I,
This line bisect5 the boundary layer,
Mathematically, this approach is identical
with approach 4.

All of these approaches take an angle associated with
the Abramovich solution for the initial region, augment
the wake growth rate for a, the wake growth rate due to
ambient turbulence (using the square root of the sum of the
squares for adding the turbulence components), and calculate
the downwind extent of Region I accordingly. The difference
in the approaches is in the choice of angles from the
Abramovich solution. The choice of angle for the various
approaches is shown in Figure D-1,

Description of Approaches

By definition, the end of Region I is that point at
which the potential core vanishes. Thus, the wind speed at
the center of the wake at the end of Region I is U,. A
momentum balance between the initial wake and the end of

Region I gives equation (D-1).

From the equation for boundary layer growth given by
his equation (5.1), Abramovich gives the length of the
initial region of the wake as equation (D-2). The m subscript
denotes that the quantity is associated with mecahically-
generated turbulence. Therefore, for mechanically-generated
turbulence, the slope of the radius of the inner core is

(cf, Figure D-1)
<dr1> o / (x,9) (
= = - D-3
- (X To/ \ X/ )

dx H)m

and the slope of the outer radius of the wake is

<fjg> _RaimRp T (0-4)
m (XH)m (xH)m

dx

Equation (D-1) which gives the wake radius when the
potential core has been completely eroded is based upon a
momentum balance (based upon the fact that U = UO at the
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center of the wake at the end of Region I and the assumption
of the wind speed profile given by equation (3-32)) and is
therefore valid regardless of the presence or absence of
ambient turbulence, Therefore, the presence of ambient
turbulence only affects the distance, XH, at which the

end of Region I occurs.

r1 approach. - The first approach for calculating
the value of X;; is the calculation of the effect of ambient
turbulence on %he erosion of the inner core and specifying
the downwind extent of Region I as the point at which the
radius of the inner core becomes zero. Under this definition
the rate of erosion of the inner core is

dr dr 2 L
1. <__l> +a? (D-5)
dx dx /m

Since r, decreases for r, at x = 0 to 0 at x = Xy the downwind
extent 0f Region I is given by

To

—_— v (D-6
(drl/dx) )

XH=

where Xy is the downwind extent of Region I normalized by Rd'

T2 approach. - The second approach for calculating x
consists of calculation of the effect of ambient turbulence
on the growth of the outer radius of the wake and specifying
the downwind extent of Region I as the point at which the wake
radius reaches the radius defined by a momentum deficit balance
as given in equation (D-1). Under this definition,

1
dr dr,\ 2 &
—2 - <——2> +a? (D-7)
dx dx /m '

Since r, increases from r, at x = 0 to T 1 at x = Xy the
downwina extent of Region I is given by

T -T
XH = _.LQ__ (D—8)
(drz/dx)
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b approach I. - The third approach of calculating x
considers the growth of the boundary layer, r -rq, and applies
the wake growth due to ambient turbulence to %he boundary
layer. For mechanical turbulence, the growth rate of the

boundary layer is
db T |
<__> "~ (D-9)
dx/m CXH)m

With ambient turbulence, the growth of the boundary layer
is

db T 2 3
— = ( 21 > +o 2 (D-10)
dx (xH)m

Since the boundary layer grows from 0 at x = 0 to T, at x = xy
the downwind extent of Region I is ’

T
db/dx

b approach 1I. - The fourth approach for calculating Xy
uses the same criterion as the third approach, but augments
the Abramovich solution for 2a, since the ambient turbulence
affects both sides of the boundary layer (i.e., ambient tur-
bulence acts to decrease the radius of the inner core and
to increase the outer wake radius)., Therefore, for this

approach

db 2 Y
b _ < T21 >+(2a)2 | (D-12)
dx (xH)m

and

T
—E (D-13)
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Streamline Ty approach. - Figure D-2a shows Region I
for the Abramovich solution. The three areas shown are the
free stream flow, the potential core, and the boundary layer
between the free stream flow and the potential core. Also
shown is the streamline which passes through the initial
wake boundary. It is assumed that the boundary layer develops
on both sides of this streamline, In order to calculate the
growth of the boundary layer in Region I, it is necessary
to calculate the value of r_, the radius of the streamline
which passes through the initial wake radius at the end of
Region I. The radius of the streamline, r_, 1s determined
by conservation of mass between the initial wake and the
end of Region I. Therefore,

s
TTr02U0 = ZﬂfU(_r)r dr (D-14)
0

Since U0 = U_/m, the equation is written as

T

rO?Uw s
= z/rU(,r) dr (D-15)

m 0

The wind speed profile in Region I is given by equations
(3-32) and (3-33). Multiplying equation (3-32) by (UO—UOO)/U°°
and using the definition of'm given in equation (3-9)

gives
1 U 1
- = = — - 1)@-n*"%)? (D-16)
m Um m
or
1 m-1 1.5 2
U=Um[—+———(1—n ) ] (D-17)
m m

From equation (3-33), recalling that ry = 0 at the
end of Region I (since the end of Region I 1s defined as that
point at which the potential core vanishes) and T, = r,q at
the end of Region I,

T = r21(1—n) (D-18)
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and
dr = “Tyq dn | (D-19)

Using equations (D-~17), (D-18), and (D-19) in equation (D-15)
gives

U, 2Ty s
= (1-n)[1+(m-1) @ ~n'-*)*]dn (D-20)
m Pt 1

or

1 1 ' .
T 2
<L> = 2 f(l'-n)dn"“z /(mvl)(l-n)(1-2n"5+n3)dn (D-21)
T
n n

21
s s

Integrating gives
rg 2 n2 1 n? 2n2+S 2n%°5 p* ps 1
) - 2m-—) +2(m-1)[n———- + + --—] (D-22)
Toq 2 2 2.5 3.5 4 5

s s

Since (rO/rZI) is a function of m only, Ng is a function of
m only.

Equation (D-22) was solved numerically for four values
of m as listed below.

m ng
1.5 Q,390
2.0 0.383
2.5 0.378
3.0 0.375
A value of n_ = 0.38 is reasonable for the range of values of

m for wind tirbines. From equation (D-18)

r. = 0.62r (D-23)

S 21
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It is assumed that the wind speed profile given by
equation (3-32) is +valid in the presence of ambient tur-
bulence, With this assumption, the relationship of equation
(D-23) is valid in the presence of ambient turbulence. Figure
D-2b shows wake growth in the presence of ambient turbulence.

Let B, be the distance from the streamline which passes
through thé initial wake boundary to the line between the
boundary layer and the potential core, Then from Figure D-2a,
the growth rate of B8, due to mechanical turbulence (i.e., the
Abramovich solution) is

<E51> _ s (D-24)
dx /m (xH)m :

where CXH)m is given by equation (D-2).

The wake growth rate due to ambient turbulence is a.
Adding the ambient turbulence to the mechanical turbulence
by the square root of the sum of the squares of the ambient
turbulence and the mechanical turbulence gives

dg T z >
1. < s > +a? (D-25)
dx (xH)m
Since B, = r_ at the end of Region I, the downwind extent
of Regidon I 1s
0.62r
Xy = 21 (D-26)
0.62r,,\* ] %
—_—_— +a2
(XH)m
Streamline r7 approach. - For the sixth approach for

calculating the downwind extent of Region I, the portion

of the boundary layer above the streamline which passes
through the initial wake boundary is considered. Let B, be
the distance from the streamline which passes through the
initial wake boundary to the line between the boundary

layer and the free stream, Then from Figure D-2a, the growth
in B, due to mechanical turbulence 1is
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<d§2> Tt (D-27)
dx /m (xH)m

_ Adding ambient turbulence in the manner described above
gives

dg T ,-1_\? 1
2. <—31f—§>_+a2 (D-28)
dx (xH)m
Since
82 = T,q°T, = 0.38r21 (Df29)

the downwind extent of Region I is

0.38r
= 21 (D-30)

X 4
H 0.387,,\? 15
[ —_— +(y,2
(XH)m

0.5r>7 approach. - For the seventh approach for calculat-
ing the downwind extent of Region I, the boundary layer is
assumed to develop about a line which bisects the boundary
layer. The boundary layer is assumed to develop equally on
both of its sides. In this case

In this case, the line connecting the initial wake boundary
and r_ at the end of Region I is not a streamline. The
downwind extent of Region I is developed in the same manner
as presented above for the previous two approaches. The
results are identical for development based on B, or on B,
above because in this case Bl = 32‘ For both cases,

. 0.51‘21
H (D-32)

[<0 . 5r21>2+.a2:| 5
(XH)m :
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It is noted that multiplication of the numerator and
denominator of the right side of equation (D-32) gives the
identical result given by equations (D-12) and (D-13),
Therefore, the b approach II and the 0.5r,q approach are
mathematically identical. ‘

Comparison of Results

Figure D-3 shows the donwwind extent of Region I as a
function of o, the wake growth rate due to ambient turbulence,
for the first four approaches presented above, For Figure
D-3, m = 3, Figure D-4 shows similar data for the last three
approaches for calculating the downwind extent of Region I.
For Figure D-4, m = 3. Figures D-5 and D-6 show information
similar to that shown in Figures D-3 and D-4, respectively,
but for m = 2. As mentioned previously, approaches 4 and 7
are mathematically identical,

Approaches 3 and 4 are identical, except that approach
3 augments the Abramovich solution for o, whereas approach
4 augments the Abramovich solution for 2a. From a physical
point of ‘view, the 20 approach is more reasonable than the
o approach because ambient turbulence affects the growth
of the boundary layer on both sides of the boundary layer.

In Region I, mass continuity demands that the flow
have an inward radial component. This is illustrated by
the fact that the streamline which passes through the
intital wake radius has an inward component. For approaches
1 and 2, the wake growth rate is taken relative to the line
r = r,, which has no physical relationship to the flow
direc%ion or to the boundary layer. Relative to the flow
and to the boundary layer, the line r = r, is a randomly
drawn line. From a physical point of view, the measurement
of the growth of the boundary layer from the streamline or
from the line which bisects the boundary layer is more
plausible.

For these reasons, from a physical point of view,
approaches 4, 5, 6, and 7 are the most plausible approaches
for the calculation of the downwind extent of Region I.
Figures D-4 and D-6 show that the results do not vary
greatly between these approaches (recalling that approach
4 is mathematically identical to approach 7). For these
reasons, approaches 4 and 7 were chosen as the approaches
for calculating the downwind extent of Region I in the model.
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Figure D-2. Geometry of Region I of the wake.
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Figure D-3. - Comparison of first four approaches

for calculating Xy for m = 3.
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